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Aerodynamic pressure field over bluff bodies immersed in boundary layer flows is
correlated both in space and time. Conventional approaches for the analysis of dis-
tributed aerodynamic pressures, e.g., the proper orthogonal decomposition (POD),
can only offer relevant spatial patterns in a set of coherent structures. This study
provides an operator-theoretic approach that describes dynamic pressure fields in a
functional space rather than conventional phase space via the Koopman operator.
Subsequently, spectral analysis of the Koopman operator provides a spatiotemporal
characterization of the pressure field. An augmented dynamic mode decomposition
(DMD) method is proposed to perform the spectral decomposition. The augmen-
tation is achieved by the use of the Takens’s embedding theorem, where time delay
coordinates are considered. Consequently, the identified eigen-tuples (eigenvalues,
eigenvectors, and time evolution) can capture not only dominant spatial structures
but also identify each structure with a specific frequency and a corresponding tem-
poral growth/decay. This study encompasses learning the evolution dynamics of
the random aerodynamic pressure field over a scaled model of a finite height prism
using limited wind tunnel data. The POD analysis of the experimental data was
also carried out. To demonstrate the unique feature of the proposed approach, the
DMD and POD based learning results including algorithm convergence, data suffi-
ciency, and modal analysis are examined. The ensuing observations offer a glimpse
of the complex dynamics of the surface pressure field over bluff bodies that lends
insights to features previously masked by conventional analysis approaches.
Keywords: Aerodynamics of prism, Aerodynamic loads, Koopman operator, Dy-
namic mode decomposition, Coherent structures, Flow structure, POD
I. INTRODUCTION
Surface pressure fluctuations on a bluff body immersed in the turbulent boundary layer are
characterized as spatial-temporally varying random fields1,2. Extensive research has been
conducted to better understand dominant features embedded in these random pressure
fields3–7. Known under different names such as the Karhunen-Loeve expansion (KLE),
principal component analysis (PCA), etc, the proper orthogonal decomposition (POD) is
one of the most widely used methods for analyzing random pressure fields8. The algorithm
involves a procedure that transforms a multi-dimensional isotropic random field into a set
of uncorrelated single-dimensional spatial modes that are organized by a sequence of a
continuous-valued random process9,10. Because the identified spatial modes are orthogonal
to each other, the POD method optimally evaluates the random pressure field in a L2 norm
sense. Consequently, the first few modes ranked on the basis of proportional energies are
generally sufficient to provide a representation of the dominant coherent structures. Despite
the wide range of application of the POD method in a variety of engineering problems, it is
restricted to the second-order statistics and its dimension-reduced representation is limited
to a linear transformation regime. Furthermore, the POD method by definition is unable
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2to integrate dynamical information into identified modes notwithstanding the fact that the
random pressure field is continually evolving in time11,12.
On the other hand, dynamical systems analysis (DSA) is an interdisciplinary field con-
cerning the temporal evolution of a time-dependent phenomenon. Approaches for the
DSA mainly fall into two categories, i.e. geometrical methods and operator-theoretic
methods13,14. Recently, there is a strong tendency to move to the equation-free paradigm,
i.e., the operator-theoretic methods considering that the volume of accessible data has
increased tremendously in the big data era. The main difference between conventional ge-
ometric modeling and recently advanced operator-theoretic modeling lies at the required
input information, where the latter is only data driven, while the prior knowledge about
the system of interest is expected in the geometric analysis15–17. Two properties of be-
ing equation-free by means of the operator-theoretic modeling should be noted. First, the
conventional geometric modeling establish a descriptive model using available physical laws
while the equation-free learning method infers the dynamical mechanisms directly from the
data (See Fig. 1 (a)). Secondly, conventional methods describe the dynamical process in
the state space, whereas the operator-theoretic modeling lifts the dynamics into an infinite-
dimensional Hilbert function space (See Fig. 1 (b)). The efficacy of operator-theoretic
supported equation-free modeling strikes a new path for inferring governing mechanisms of
dynamical systems directly from the data. This is especially useful in practice considering
the fact that physical equilibrium models are not always available or sometimes partially
known, such as the random pressure field over a tall building.
(a.1). physics-based modeling (a.2). equation-free learning
dx
dt = σ(y − x)
dy
dt = x(ρ− z)− y
dz
dt = xy − βz
(b.1) state-space modeling (b.2) operator-theoretic modeling
x1 x2 x3 x4 x5 x6 . . . x1 K (x1) K  K (x1) K  K  K (x1) . . .
(A). Graphic illustration of equation-free learning
(B). Graphic illustration of operator-theoretic modeling
FIG. 1: Comparative illustration of the proposed equation-free learning strategy using the
operator-theoretic modeling method.
In this work, an operator-theoretic approach for distilling hidden dynamical mechanisms
directly from experimental data is presented. Specifically, the Koopman operator that
is also known as the composition operator is considered18,19. By definition, the Koopman
operator explores the evolution of observables, which are function actions applied to the state
variables. Compared to conventional state-space modeling, the Koopman operator lifts the
dynamics from state space to the observable space. This results in a composition flow map
admitted on a function space, and the nonlinear, finite-dimensional dynamics becomes linear
but infinite dimensional. Under mild conditions, it has been mathematically shown that the
Koopman operator can exactly estimate system dynamics without approximation15–17,19.
For these reasons, we attempt to describe a highly nonlinear dynamical phenomenon, that is,
the aerodynamic pressure over a prism in a turbulent boundary layer through the Koopman
operator. Random pressure fields recorded by the synchronously scanned pressure taps are
thereby transformed into a linear, infinite-dimensional form.
Solving such an infinite-dimensional representation can be formidably challenging, and
different methods have been continually developed to obtain a finite-dimensional approxi-
3mation of the operator. First, generalized Laplace analysis (GLA) introduced by Mezic is
an iterative algorithm for solving Koopman modes and eigenfunctions20. GLA recursively
queries the projected eigenfunctions and subtracts them out from the dynamics. In21, it
was noted that GLA is particularly suitable for applications where a few eigenvalues dom-
inate the entire energy spectrum. Even extensions have been made by considering the
inverse expression of the Koopman operator, prior knowledge of the eigenvalues is required
to apply the algorithm. More recently, dynamic mode decomposition (DMD), which is
an equation-free method and was initially introduced by Schmid out of a need to identify
spatiotemporal patterns buried in fluid flows, was found closely connected to the spectral
analysis of the Koopman operator22,23. Unlike proper orthogonal decomposition (POD),
whose eigenmodes are hierarchically ranked with respect to their energy contribution, DMD
performs the eigendecomposition of a linearly dependent operator that is determined by a
pair of time-shifted matrices, resulting in a group of periodically oscillating eigenmodes.
The resolution scheme is designed in an Arnoldi-algorithm like architecture, where the ex-
plicit formulation of connection operator can be saved, greatly improving the computational
efficiency. To date, DMD and its advanced variants have been applied to analyze a wide
range of dynamical systems24–28.
Interest in this study is on characterizing the evolution of random pressure field uti-
lizing operator-theoretic modeling method, i.e. Koopman operator. The corresponding
evolution dynamics will be resolved by means of an augmented dynamic mode decompo-
sition algorithm. The augmentation centers on enriching a limited wind tunnel dataset29,
which is often the case in experimental research. Specifically, the manifold representing the
phase space is embedded into a higher dimensional Euclidean space with topological prop-
erties staying unchanged. This topologically equivalent representation is achieved by the
introduction of Takens’ Embedding Theorem30. In particular, delay coordinates containing
informative content of the dynamical evolution are effectively exploited. Consequently31,32,
the augmented dataset is able to provide sufficient information for the data-driven model-
ing process of aerodynamic loads. We demonstrate the enhanced capability by applying the
proposed operator-theoretic modeling strategy to learn the dynamics of random pressure
fields over surfaces of a scaled model of a finite height prism. Compared to classic methods
such as POD, learning results indicate our augmented DMD is able to isolate identified
dynamical mechanisms with a specific frequency, successfully giving us a glimpse of the
dynamical evolution without any prior knowledge of the system.
The remainder of this paper is organized as follows. Section II presents the problem of
interest and the definition of dynamical mechanisms that need to be distilled. Section III
offers a detailed discussion on the solution methods, mainly including two parts: Koopman
theory and its connection to the dynamic mode decomposition algorithm. A general pro-
cedures of numerical implementation computing Koopman eigen-tuple is given. Section IV
covers a comparative study between the conventional and the proposed approach, highlight-
ing the difference from both numerical and physical perspectives. Finally, we conclude in
Section V with a summary of this work and sheds light on the potential future directions.
II. PROBLEM STATEMENT
Consider a measure space (M,B, µ), whereM⊆ Rd is the phase space, d is the number of
the discretized state variable, B is a σ-algebra, and µ is a probability measure. Interested in
analyzing the random pressure field over a prism, the time evolution of the surface pressure
field is modeled as a stationary and ergodic multivariate random process2,11. Without loss
of generality, let the pressure field take the following form:
d
dt
(x) = f (x (t) ,θ) where t > t1 and x (t1) = x1 (1)
where x = [x1, x2, . . . , xd]
T is a column vector denoting the pressure distribution of a
prism surface Ω ∈ Rd, θ is the parameter vector defining the fluid-structure interaction ef-
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FIG. 2: Schematic overview of the proposed equation-free learning with application to the
random aerodynamic pressure field. The overall procedure contains three steps: (1) data
collection , (2) operator-theoretic modeling, and (3) dynamics interpretation.
fects, and nonlinear function f (·) is assumed to be sufficiently smooth and linearly bounded,
mapping [t1,∞]×Rd to Rd (e.g. f (·) satisfies the Lipschitz condition). Then, the dynami-
cal evolution of a discretized aerodynamic pressure state x (tk), where k is the discrete time
index, can be explicitly estimated by integrating Eq. (1):
x (tk) = T (xk−1) = x (tk−1) +
∫ tk
tk−1
f (τ,x (τ)) dτ (2)
with t ∈ [tk−1, tk−1 + τ ], T representing the dynamic map, and τ denoting a sufficiently
small number. The state variable x usually locates in a high dimensional space (i.e. d 1)
due to the desire of acquiring an accurate and detailed profile of aerodynamic pressure
distributions, where the use of a large number of refined grids or sensors is inevitable (See
the data collection step in Fig. 2). Effective treatment of this high-dimensional, nonlin-
ear/chaotic, and dynamical system assumes there exists a low-dimensional manifold S that
embeds Ω into Rd
′
(d
′
< d) using Borel σ-algebra B9,10.
It should be noted that the discrete formulation of a dynamical system stated in Eq. (2)
is more widely used in practice because data collected from either numerical simulation or
physical experiments almost always comes in a discrete-time format13,14. Given a sequence
5consisting of time-ordered snapshots x (t1) ,x2 (t2) , . . . , we are interested in learning a
closed and compact embedding of the evolution operator T : S → S. Hidden dynamical
mechanisms that are represented by the a set of coherent structures can be correspondingly
computed by decomposing the operator held by this low-rank embodiment15–17,20.
Remark (1). In the context of random aerodynamic pressure fields, the learned dynami-
cal mechanisms should be able to use identified coherent structures to describe an abrupt
pressure change. A graphic illustration of the instantaneous evolution associated with the
windward face is given in the second row of the red box in Fig. 2. To set up a rigorous
problem definition, two important properties should be further clarified. First, structure de-
notes a certain distribution pattern that characterizes the spatial properties inherent in the
original topological space Rd. In the third step of the proposed learning scheme, identified
structures are encapsulated in a global matrix that contains a complete set of eigenmodes.
Secondly, coherent implies that this structure follows a certain developing principle such as
recurrence or linear scaling, explaining the pressure evolution from a temporal perspective
(See the time evolution plot in Fig. 2).
III. METHODOLOGY: KOOPMAN OPERATOR MODELING
This section covers a detailed description of the proposed methodology in terms of han-
dling a dynamical system stated in Eq. (2). Section III A details the use of Koopman
operator to model the evolution of a process and Section III B presents a numerical scheme
for obtaining dynamical mechanisms from the Koopman operator. A complete implemen-
tation of the augmented DMD algorithm is given in Section III C.
A. Spectral analysis of Koopman operator
By definition, Koopman operator K lifts a dynamical evolution x (tk) = T (xk−1) that is
formed in the state space M to a functional space F18–21. The empirical observations are
accordingly shifted from physical states x1,x2, . . . to a set of observables that are functions
of these states. Let function g be a scalar-valued observable on the target dynamical system
g :M→ C, the Koopman operator K is a linear, infinite-dimensional operator that maps
g to a new function Kg given by:
Kg = g ◦ T (xt) =⇒ Kg (xt) = g (xt+1) (3)
where ◦ designates the function composition operator. In analogy with the Heisenberg pic-
ture, the linearity of the Koopman operator K indicates the linear composition operating in
a Hilbert function space F , i.e. K (g1 + g2) = g1◦T (x)+g2◦T (x) = Kg1 (xt)+Kg2 (xt), in-
stead of a local linearization that produces tangent planes to the original manifoldM14–16,25.
A nonlinear, finite-dimensional systemM→M is hence fully linearized in the entire basin
and well represented in a linear, infinite-dimensional form F → F .
Our primary objective is to analyze and evaluate the dynamical evolution of random
aerodynamic pressure distributions utilizing spectral properties inherent in the Koopman
operator K, where eigenelements (λ, φ) usually appear in pairs and satisfy the eigenvalue
equation:
Kφj (x) = λjφj (x) where j = 1, 2, . . . (4)
where λj ∈ C is the jth Koopman eigenvalue and φj (x) denotes the paired Koopman
eigenfunction, which is a complex-valued observable φj :M→ C. Let function g be linearly
6spanned in terms of these Koopman eigenfunctions22,23:
g (x) =
∞∑
i
φi (x)ϑi (5)
with ϑ1, ϑ2, . . . , representing coefficients of expansion. Substituting Eq. (4) and Eq. (5)
into Eq. (3) results in the dynamical evolution described by:
Kg (xt) =
∞∑
i
λiφi (xt)ϑi (6)
Obviously, the use of Koopman eigenfunctions supports a linear expansion of the observ-
able g. In a similar manner, the eigenfunction expansion of a more general vector-valued
observable g :M→ Ck where g .= [g1, g2, . . . , gk]T takes the expression form of:
Kg (xt) =

∑∞
i λiφi (xt)ϑi,1∑∞
i λiφi (xt)ϑi,2
...∑∞
i λiφi (xt)ϑi,k
 = λiφi (xt)ϑi (7)
Therefore, when the initial state is determined, the Koopman operator expresses the
evolution equation of a dynamical system by means of an infinite summation of sinusoids
and exponentials.
Remark (2). λ, φ, and ϑ are Koopman eigenelements, each of which discloses a unique
physical property of T : M→M. First, expansion coefficients vector ϑi is often referred
to as the ith Koopman mode associated with φi (x), containing the spatial information of
the dynamical system. ϑ1,ϑ2, . . . , are mathematically the projection of observables onto
a φ1, φ2, . . . , constitute functional space
25. Secondly, Koopman eigenvalues λ1, λ2, . . . , are
indicators of the dynamical evolution. In particular, the real part Re (λi) corresponds to
the ith magnitude, which determines the growth/decay rate, and the imaginary part Im (λi)
is the ith phase that controls the frequency of the ϑi
22.
B. Computation of Koopman eigen-tuple (λ, φ, ϑ)
Even though Koopman operator provides an explicit modeling strategy of resolving dy-
namical and oscillatory behavior directly from data, the spectral analysis of K remains chal-
lenging. Currently, dynamic mode decomposition (DMD), which is an equation-free method,
serves as the major workhorse solver for obtaining the Koopman eigen-tuple (λ, φ, ϑ)14,22,24.
DMD approximates the Koopman eigenvalues and eigenmodes by constructing a locally lin-
ear operator without requiring the underlying physics. Let m ∈ R be the number of spatial
measurements and n ∈ R be the number of snapshots, the input matrices of DMD are:
Y =

y1 (t1) y1 (t2) . . . y1 (tn−1)
y2 (t1) y2 (t2) . . . y2 (tn−1)
...
...
. . .
...
ym (t1) ym (t2) . . . ym (tn−1)
 and Y ′ =

y1 (t2) y1 (t3) . . . y1 (tn)
y2 (t2) y2 (t3) . . . y2 (tn)
...
...
. . .
...
ym (t2) ym (t3) . . . ym (tn)
 (8)
Note that t1, t2, . . . , are equally distributed during the sampling interval and each element
y is defined as yj (ti)
.
= gj (xti). A linear dynamical mapping is configured to connect the
observable matrix Y and its time-shift pair Y
′
:
Y
′
= AY (9)
7This linear operator A = Y †Y ′ is the key requisite for Koopman eigen-tuple (λ, φ, ϑ),
where † is the Moore-Penrose pseudoinverse. Specifically, when n is sufficiently large and
matrices Y ,Y
′
are sufficiently informative, the Koopman eigenvalues are identical to the
DMD eigenvalues as any eigenfunction of the Koopman operator K can be linearly spanned
in the observables space φi ∈ span (g1, g2, . . . , gn).
Combine Eq. (8) and Eq. (9), we can rewrite Y and Y
′
in a Krylov subspace form that
gives an intuitive formulation illustrating the evolution process:
Y = {x,Ax,A2x, . . . ,An−1x}
Y
′
= {Ax,A2x,A3x, . . . ,Anx}
(10)
To find eigen-tuple (λ, φ, ϑ) of A, state variable xn is formulated as linear combinations
of the columns of Y . Utilizing the Arnoldi method, the nth snapshot writes as26:
xn = c1x1 + c2x2 + · · ·+ cn−1xn−1 + r (11)
where ci, i = 1, 2, . . . , n−1 are unkonw coefficients and r is the residual vector. Substitute
Eq. (11) into Eq. (9) and together with Eq. (10), we have:
AY = Y C + reTn−1 (12)
where eTn−1 is the (n− 1)th Euclidean unit vector, C is the companion matrix defined as:
C =

0 0 . . . 0 c1
1 0 . . . 0 c2
0 1 . . . 0 c3
...
...
. . .
...
...
0 0 . . . 1 cn
 (13)
Numerically, C approximates the upper Hessenberg representation of A in a least square
sense, guaranteeing the convegence of eigenproblem CφC = λCφC , that is, eigenvalues of
the companion matrix C is a subset of the Koopman eigenvalues λC ⊂ λA and λC → λA
when the residual vector r → 0. Hence, one can first compute the unknown coefficients in
C via the following equation:
c = Y †xn (14)
Next, substitute the resolved c to Eq. (13) and perform standard eigendecomposition:
C = V −1ΛV (15)
where the diagonal elements of Λ are DMD eigenvalues and the corresponding eigenvec-
tors can be determined by:
Φ = Y †V −1 (16)
Remark (3). As it is discussed in26, the use of the companion matrix C may produce nu-
merically unstable results, especially when the input matrices Y and Y
′
are assembled
from contaminated experiment data. For this reason, we provide an alternative imple-
mentation scheme where the diagonalization problem presented in Eq. (15) is solved for a
8well-conditioned matrix that defined by combining the singular value decomposition results
and the time-shifted observable matrix14,24. Another numerical challenge is directly related
to the evolution operator as A becomes intractable to analyze when it contains too many
entries. To solve this problem, a lower rank representation A˜ is usually constructed by
means of the Galerkin projection. A detailed discussion addressing these two challenges as
well as their resolution schemes will be provided in the next section.
C. Practical implementation
The numerical realization of DMD includes matrix decomposition, eigenvalue compu-
tation, and data projection. The following offers guidance on the implementation of the
DMD algorithm. Specifically, the preliminary work in the context of analyzing aerodynamic
pressures distribution data starts with assembling observable matrices defined in Eq. (8):
Y = [Cp (t1) ,Cp (t2) , . . . ,Cp (tn)] ∈ Rm×n
Y
′
= [Cp (t2) ,Cp (t3) , . . . ,Cp (tn+1)] ∈ Rm×n
(17)
When this preprocessing task has been completed, the DMD algorithm immediately pro-
ceeds as follows:
Step 1 : Perform the singular value decomposition:
Y = UΣV ∗ (18)
where U ∈ Rn×n, V ∈ Rm×m, Σ ∈ Rn×m, and ∗ denotes the conjugate transpose.
This step is very similar to the proper orthogonal decomposition (POD). U , whose
columns are numerical realizations of proper orthogonal modes, follows U∗U = I,
and V , whose columns are temporal behaviors, holds V ∗V = I (See Appendix A for
details).
Step 2 : Determine the r-rank truncation:
U r = U [:, 1 : r], V r = V [:, 1 : r], Σr = Σ[1 : r, 1 : r] (19)
The value of parameter r depends on the complexity and dimension of Y . When Y are
collected from highly nonlinear/chaotic dynamical system, an appropriate choice of r
can be decided by means of hard-threshold computing, ensuring sufficient information
is kept for investigating system dynamics while noisy perturbation is removed.
Step 3 : Build a r-rank representation A˜ of the operator A:
A˜ .= U∗rY
′
V rΣ
−1
r ∈ Rr×r (20)
In this step, the dynamical evolution between Y and Y
′
is seamlessly integrated into
A˜. As mentioned in Remark (3), the philosophy of seeking a low-dimensional structure
of A is to gain computational efficiency. If full-rank based computation is tolerable,
one can simply skip step 2 and directly integrate dynamics utilizing SVD results.
Step 4 : Perform the eigendecomposition:
[Φ,Λ] = eig
(
A˜
)
where A˜Φ = ΦΛ (21)
where columns of Φ are eigenvectors. Λ is a diagonal matrix with non-zero entries
representing eigenvalues. The growth/decay rates and corresponding frequencies can
be further determined from the eigenvalue sequence λ1, λ2, . . . via σi =
log(Re(λi))
2pi∆t and
ωi =
log(Im(λi))
∆t respectively.
9Step 5 : Compute DMD modes:
ϑrk = Y
′
V rΣ
−1
r Φ[:, k] (22)
It should be noted that DMD modes computed by Eq. (22) are commonly referred
to as the exact DMD modes. An alternative approach is to multiply left singular
vectors by eigenvectors ϑ
′
= U rΦ, where each column of ϑ
′
is so-called the projected
DMD mode. The former definition is closely related to Y while the emphasis of the
second definition is placed on Y
′
. By orthogonally projecting ϑ
′
to the range of Y ,
the projected DMD modes can be exactly represented via ϑ.
The overall performance of using DMD algorithm to compute Koopman eigenelements
ultimately depends on the initial selection of observables. Finding a set of observables
whose intrinsic dynamics is governed by a linear evolution operator could be challenging.
A possible treatment centers on creating a dictionary of observables that spans a Krylov
subspace of the original phase space. For instance, Hermite polynomials are found to
be suitable for problems where state variables x1, x2, . . . , are normally distributed. In this
paper, we attempt to enrich available observables through another perspective. According to
the Takens embedding theorem30–32, any smooth and compact manifoldM∈ Rd, invariant
under diffeomorphism T, can be embedded into a (2d + 1) dimensional Euclidean space.
Therefore, given a scalar sequence of observable y (t1) , y (t2) , . . . , taken at fixed sampling
time, an enriched matrix can be quickly built via delay coordinates:
y =

y (t1) y (t2) . . . y (tj)
y (t2) y (t3) . . . y (tj+1)
...
...
. . .
...
y (ti) y (ti+1) . . . y (ti+j−1)
 (23)
Likewise, matrices Y , Y
′
from Eq. (8) can be extended to a desirable dimension, and the
enriched Y , Y
′
will be used as the input data for the DMD algorithm.
IV. CASE STUDY
The following example demonstrates the successful utility of Koopman theory to learn
dynamical mechanisms that govern the evolution process of aerodynamic pressure distribu-
tions over a prism in a boundary layer flow. A systematic comparison study between the
classic POD and proposed DMD method is provided, highlighting the unique features of
the Koopman operator in examining a random pressure field.
A. Data description
Time-series data containing aerodynamic pressure field is obtained from wind tunnel
experiments using a prism (0.5m× 0.1m× 0.1m) placed in an open-circuit wind tunnel of
dimensions 14m × 1.2m × 1.0m. The approach flow mean speed profile along the height
is defined by a power law exponent of 1/4, and tests were conducted at a wind speed of
11.1438m/s. To collect the data, 500 pressure sensors have been installed on the scaled
model. Specifically, there were 125 sensors uniformly distributed on each surface (i.e. a
5 × 25 distribution pattern in terms of the horizontal and vertical axis, respectively). All
taps were synchronously recorded at a sampling frequency of 1000Hz for a sample period
of 32.768 s. The collected pressure data was transformed into a dimensionless number, the
pressure coefficient Cp, and matrices Y , Y
′
were accordingly assembled using Eq. (17).
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B. Convergence study
Given 32768 pressure states,it is highly desirable to provide a reasonable snapshot number
Nsnap for the decomposition analysis, knowing that a small Nsnap cannot achieve converged
results while a large Nsnap would call for an additional computation. A comparative con-
vergence study of POD and DMD approaches taking the decomposed spatial and temporal
tensor into account is carried out to provide practical guidelines for determining an optimal
snapshots number N?snap for each method.
First, an evaluation metric, which is a function of identified eigenmodes, is used to
analyze the convergence behavior of the spatial tensor. Consider two datasets DtN1p =
{Cp (t1) , . . . ,Cp (tN1)} and DtN2p = {Cp (t1) , . . . ,Cp (tN2)} that contain pressure signals
of the same prism surface with a different sampling interval tN1 and tN2 . Two sets of eigen-
modes ΦtNi = {φtNi1 , φ
tNi
2 , . . . }, (i = 1, 2) can be accordingly computed by means of either
POD or DMD method. To measure the relative difference between ΦtN1 and ΦtN2 , a L2
norm based metric is defined27,28:
κj =< φ
tN1
j − φ
tN2
j , φ
tN1
j − φ
tN2
j >Ωx (24)
where φ
tNi
j indicates the j
th eigenmode of DtNip . Usually, tN2 is specified as a constant,
serving as the reference point in investigating convergence properties. Then, κj simplifies to
a general function that exclusively depends on the value of tN1 . By gradually substituting
a set of tN1 ordered in a ascend manner into Eq. (24), κj traces the convergence behavior
regarding the decomposed spatial tensor.
The second evaluation metric is equivalent to the normalized eigenvalue that takes the
following form:
λ†j =
λj∑n
i=1 λi (tN1)
(25)
λ†j primarily examines the temporal convergence properties of identified coherent struc-
tures. It should be further noted that DMD eigenvalues λDMDj and eigenmodes φ
DMD
j are
complex-valued. For this reason, complex modulus that measures the magnitude of a tensor
from the coordination center to its location in the complex plane is utilized27,28:
λDMDj =
√(Re (λDMDj ))2 + (Im (λDMDj ))2
φDMDj =
√(Re (φDMDj ))2 + (Im (φDMDj ))2 (26)
1. POD Results
To begin with, κi, i = (1, . . . , 4) are computed for each prism surface, where tN2 =
30000∆t and tN1 is a numeric variable that takes value from the sampling interval
[0, tN2 ]. The upper row of Fig. 3 points out the first three fundamental POD modes
φPOD1 , φ
POD
2 , φ
POD
3 exhibit consistent convergence properties in all scenarios and the eval-
uation metric κ decreases dramatically within the time span [0, 1000∆t]. On the contrary,
higher POD modes φPODj (j = 4, . . . , 7) not only converge at a slightly slower pace but
also show more random fluctuations during the convergence process. Especially in the two
sideward scenarios, κ fluctuates abruptly as tN1 → tN2 . This reveals the fact that inco-
herent noise tend to dominate and even likely appear as higher order POD modes. Thus,
the POD method can be employed as a denoising technique for preprocessing received
signals that are strongly contaminated with noise9,10. The obtained results shown in the
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(a.1) Windward scenario: POD eigenmodes (a.2) Leftside scenario: POD eigenmodes (a.3) Leeward scenario: POD eigenmodes (a.4) Rightside scenario: POD eigenmodes
(b.1) Windward scenario: normalized POD
eigenvalues
(b.2) Leftside scenario: normalized POD
eigenvalues
(b.3) Leeward scenario: normalized POD
eigenvalues
(b.4) Rightside scenario: normalized POD
eigenvalues
FIG. 3: Convergence analysis of POD modes and normalized POD eigenvalues.
first row of Fig. 3 confirm the presence of noise effects, where the first few normalized
POD eigenvalues converge at a faster speed with less local perturbation than those held by
higher POD modes. Furthermore, the normalized eigenvalues λ†j physically represent the
mean energy distribution of the aerodynamic pressure data. Shown in Fig. 3, some POD
modes have similar energy distribution as their correspondingly converged eigenvalues are
almost identical. This is algorithmically due to the data projection procedure involved in
the POD analysis, and it implies the existence of second-order statistics, i.e., correlations
between projected modes. For instance, mode 2 and mode 3 of the leeward face are a
pair of symmetric torsional modes, which are dynamically coupled from an aerodynamics
standpoint3,4,8.
2. DMD Results
In a similar manner, κDMDj and normalized DMD eigenvalues λ
†
j are calculated and pre-
sented in Fig. 4. According to the results, lower DMD modes exhibit very unstable conver-
gence behavior and higher DMD modes produce random fluctuations rather than decreasing
trends. In addition, almost all eigenvalues begin to wildly oscillate whenNsnap > 700, barely
showing any consistent trends. The failure of obtaining converged φDMDj and λ
†
j is associ-
(a.1) Windward scenario: DMD eigenmodes (a.2) Leftside scenario: DMD eigenmodes (a.3) Leeward scenario: DMD eigenmodes (a.4) Rightside scenario: DMD eigenmodes
(b.1) Windward scenario: normalized DMD
eigenvalues
(b.2) Leftside scenario: normalized DMD
eigenvalues
(b.3) Leeward scenario: normalized DMD
eigenvalues
(b.4) Rightside scenario: normalized DMD
eigenvalues
FIG. 4: Convergence analysis of DMD modes and normalized DMD eigenvalues.
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ated with the dynamics of integration and eigendecomposition of the DMD algorithm24,28.
When the value of snapshots Nsnap is relatively small, DMD tends to produce a vastly
expanded frequency band, where the amplitude spectra covers more isolated frequencies.
However, the observed oscillation frequencies of identified DMD modes cluster themselves
in a narrowband when Nsnap increases, thereby obscuring the system identification process
as the observed frequencies may often overlap with each other. Such shrinkage property
greatly disturbs the pairing between a certain DMD mode and the relative position of its
matching λ†j with respect to the eigenvalue sequence.
(a.1) 300 snapshots (a.2) 500 snapshots (a.3) 700 snapshots (a.4) 900 snapshots
Windward scenario
(b.1) 300 snapshots (b.2) 500 snapshots (b.3) 700 snapshots (b.4) 900 snapshots
Leftside scenario
(c.1) 300 snapshots (c.2) 500 snapshots (c.3) 700 snapshots (c.4) 900 snapshots
Leeward scenario
(d.1) 300 snapshots (d.2) 500 snapshots (d.3) 700 snapshots (d.4) 900 snapshots
Rightside scenario
FIG. 5: Convergence analysis of DMD energy spectra.
In Fig. 5, the influence of the snapshot number on the converged spectra is very obvious in
all scenarios, where the frequency band shrinks rapidly when Nsnap : 300 → 500 → 700 →
900. In particular, DMD modes are sparsely scattered throughout the interval [0, 500] when
Nsnap = 300 while the majority of resolved DMD modes are narrowed within a smaller in-
terval [0, 100] when Nsnap = 900. This reveals the fact that the dominant coherent structure
explaining random aerodynamic pressure evolution is decomposed into a few similar coher-
ent structures whose frequencies may be heavily overlapped27,28. These coherent structures
13
share the dynamical information embedded in the dominant representation identified via a
small Nsnap, but more importantly, they provide different interpretations at a local scale,
which are closely related to the small scale turbulence effects. Therefore, converged DMD
eigenvalues and eigenmodes are not available in the case of random pressure fields. Instead,
we have achieved the convergence of the frequency band and the magnitude of the converged
band agrees with the pressure distribution acting on prisms33,34.
To understand the random fluctuation within this converged narrowband, Fig. 6 exam-
ines the energy spectra computed via Nsnap = 700, 800, 900, and 1000 respectively, where
frequencies are normalized by the geometric parameter B and hourly average wind speed
U27,28. For example, Nsnap = 700 and Nsnap = 900 yield highly similar energy spectra,
indicating the potential existence of converged dynamics from an algorithmic perspective.
Two properties of the resolved results should be observed. First, DMD is able to provide
physically well-founded spectral results, where the low-frequency region exhibits more com-
plex dynamics and energy variation while the high-frequency region (i.e. yellow dots in
(a.1) 700 snapshots (a.2) 800 snapshots (a.3) 900 snapshots (a.4) 1000 snapshots
Windward scenario
(b.1) 700 snapshots (b.2) 800 snapshots (b.3) 900 snapshots (b.4) 1000 snapshots
Leftside scenario
(c.1) 700 snapshots (c.2) 800 snapshots (c.3) 900 snapshots (c.4) 1000 snapshots
Leeward scenario
(d.1) 700 snapshots (d.2) 800 snapshots (d.3) 900 snapshots (d.4) 1000 snapshots
Rightside scenario
FIG. 6: Illustration of different dynamics manifestations inherent in the converged
frequency band, where dynamics is a function of Nsnap.
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Fig. 6) is more unified and stable in against the Nsnap change. The observation agrees
with the natural properties of aerodynamic loads that are often generated from a range of
low frequencies2,33,34. Moreover, the DMD results are computed using the original pressure
data without subtracting the mean part, allowing the algorithm to identify the potential
coherent structures representing the global force distribution as well as fluctuating aero-
dynamic force generated by turbulence. Due to the richness of turbulence dynamics35,36,
the global coherent structures (i.e. blues dots in Fig. 6) are more scattered, whereas the
local DMD modes (i.e. yellow dots in Fig. 6) are relatively more centered. Secondly, DMD
modes are not converged even through the frequency band concentrates to a small inter-
val. The simple explanation of this phenomenon is that the complete range and intrinsic
types of physical dynamics varies from case to case27,28. Furthermore, aerodynamic pres-
sure fields are essentially chaotic. They are described by a multitude of eddies of different
sizes and strengths, each of which naturally involves a random process with coherent struc-
tures. Characterization of such embedded coherent structures requires the development of
accurate spatial-temporal features, confirming the hypothesis that the nature of chaotic dy-
namics depends on the interval of interest36,37, i.e. Nsnap value. Note that the convergence
of the frequency band is by no means an indicator of a well-defined DMD model, rather, it
mainly demonstrates the convergence of identified physical properties. To develop a truly
reliable model, carrying out a sufficiency study concerning the informative quality of the
identified quantities is imperative (See Section IV C).
C. Sufficiency analysis
The main purpose of sufficiency analysis is to find the optimal configuration of low-
rank representations that are sufficient to reproduce aerodynamic loads of a prescribed
accuracy level, hence achieving a significant computation reduction compared to the original
model. With the interest in assessing the amount of information about quantities of interest
possessed by the resolved results, we first check the performance of a POD-based reduced
order model, then shift the emphasis to the aerodynamic pressure data itself as sufficiency
by definition is a model-dependent concept, and the sufficiency of input matrices Y , Y
′
are
crucial to the success of the DMD algorithm (See Section III C for a detailed discussion).
1. Sufficiency of the POD
According to the convergence analysis results (Fig. 3), the use of a set of 1000 successive
snapshots is able to produce well-converged POD modes. Thus, a total of 1000 pressure
distribution states D = [Cp (t1) , . . . ,Cp (t1000)] are analyzed via the conventional proper
orthogonal decomposition8–10. Fig. 7 shows the ratio of the cumulative sum of the POD
eigenvalues, which are normalized by the total energy summation
∑125
i=1 λi. Despite the fact
that the aerodynamic pressure is a dynamical system with a combined high nonlinearity and
uncertainty, the first eigenvalue ranked by the magnitude captures more than 90 percent of
the energy buried in D = Cp (x, t). In practice, the effects of the mean pressure induced
aerodynamic loads can be accurately obtained from a static analysis utilizing Legendre
functions38. The first resolved POD mode representing the mean pressure at different
locations is found in good agreement with experimental results3,4. Furthermore, the mean
field is extracted and the POD algorithm is performed again using the remaining fluctuation
data D = C˜p (x, t) to investigate the aerodynamic fluctuation effects. In the windward
scenario, 7 POD modes are sufficient to reconstruct the pressure fluctuation. Following a
similar exponential decay pattern, 20 POD modes are adequate in other three scenarios.
The difference reveals the fact that intrinsic complexity of the aerodynamic pressure field
on the windward face is strongly related to the incoming turbulence, which comes from
a wide range of scales33,34. On the contrary, there are more grouped POD modes in the
other three scenarios due to dynamics of flow structures under separated shear layers and
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the wake34,39. Because the higher POD modes mainly account for small scale pressure
fluctuations, a relatively larger number of the POD modes is needed to describe these
pressure fields6,11,12.
(a.1) Windward: D = Cp (x, t) (a.2) Leftside: D = Cp (x, t) (a.3) Leeward: D = Cp (x, t) (a.4) Rightside: D = Cp (x, t)
(b.1) Windward: D = C˜p (x, t) (b.2) Leftside: D = C˜p (x, t) (b.3) Leeward: D = C˜p (x, t) (b.4) Rightside: D = C˜p (x, t)
FIG. 7: Cumulative eigenvalues versus the number of POD modes. The first row depicts
the normalized cumulative energy and the second row outlines the normalized cumulative
fluctuation energy.
According to the results given in Fig. 7, the use of a few dominant POD modes Φ =
{φ1, φ2, . . . } is adequate to reproduce an accurate approximation of C˜p (x, t) as eigenvec-
tors computed from the covariance matrix minimize the reconstruction error J (υ) (See
Appendix A for details). A reduced order model (ROM) is hereby built utilizing a limited
number of extracted POD modes. Specifically, the Galerkin projection method is con-
sidered, where the aerodynamic of interest is projected onto a subspace spanned via the
computed POD modes, that is, Cp ∈ span {φ1, . . . , φr}. Then, the POD-ROM describes
the evolution of the aerodynamic pressure by mapping the lower dimensional manifold back
to the original high dimension C˜p (x, t) ≈
∑M
j=1 aj (t)φj (x)
40. Even though there is no
guarantee that a POD-ROM built using the first r eigenmodes will approximate the system
well10,11,40, it can be seen from Fig. 8 that a truncated representation utilizing the first
(a) 3PODmodes (b) 5PODmodes (c) 10PODmodes (d) 30PODmodes (e) 70PODmodes (f)Full rank
FIG. 8: Field reconstruction of an instantaneous snapshot, where t = 1000∆t. The POD
algorithm is performed using 3000 snapshots with a different truncation number. The full
rank means all POD modes are used and the reconstruction results are identical to the
original experiment data.
16
(a.1) Takens embedding number d = 1 (a.2) Takens embedding number d = 2 (a.3) Takens embedding number d = 4 (a.4) Takens embedding number d = 8
Windward scenario
(b.1) Takens embedding number d = 1 (b.2) Takens embedding number d = 2 (b.3) Takens embedding number d = 4 (b.4) Takens embedding number d = 8
Leftside scenario
(c.1) Takens embedding number d = 1 (c.2) Takens embedding number d = 2 (c.3) Takens embedding number d = 4 (c.4) Takens embedding number d = 8
Leeward scenario
(d.1) Takens embedding number d = 1 (d.2) Takens embedding number d = 2 (d.3) Takens embedding number d = 4 (d.4) Takens embedding number d = 8
Rightside scenario
FIG. 9: Cumulative eigenvalues versus the number of DMD modes. The straight reference
line is a linear function whose independent variable is the number of DMD modes, the
dependent variable is the normalized cumulative eigenvalues, and the intercept is 0.
10 POD modes could adequately capture the main pattern of C˜p (x, t) over the windward
surface. Because the magnitude of eigenvalues decreases rapidly, a POD-ROM via 30 POD
modes is well calibrated for the description of the nonlinear correlation in data. A small
contribution by high order POD modes, i.e. φi, i > 70, is observed thereafter. It should be
noted that the projected dynamics are evolving in a linear subspace because of the balanced
truncation, which limits the accuracy of the POD-ROM40. To build a more effective ROM
for handling nonlinear/chaotic dynamics of slow decaying Kolmogorov widths, one can con-
sider using advanced projection schemes such as least-squares Petrov-Galerkin projection
or neural networks, which by definition gives rise to the nonlinear model reduction41,42.
2. Sufficiency of the DMD
In a similar manner, elements in the complex-valued sequence λDMD1 , . . . , λ
DMD
125 are
sorted by the absolute magnitude of the real part in descending order to visualize the
cumulative sum of DMD eigenvalues. Specifically, we conducted 4 trials for each prism
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(a.1) Takens embedding number d = 1 (a.2) Takens embedding number d = 2 (a.3) Takens embedding number d = 4 (a.4) Takens embedding number d = 8
Windward scenario
(b.1) Takens embedding number d = 1 (b.2) Takens embedding number d = 2 (b.3) Takens embedding number d = 4 (b.4) Takens embedding number d = 8
Leftside scenario
(c.1) Takens embedding number d = 1 (c.2) Takens embedding number d = 2 (c.3) Takens embedding number d = 4 (c.4) Takens embedding number d = 8
Leeward scenario
(d.1) Takens embedding number d = 1 (d.2) Takens embedding number d = 2 (d.3) Takens embedding number d = 4 (d.4) Takens embedding number d = 8
Rightside scenario
FIG. 10: Scatterplot of the DMD eigenvalues λ1, . . . , λ125.
surface (16 in total), exploring the effects of the embedding number on the decomposition
results30–32. In Fig. 9, these 16 trials share several underlying trends that can be broadly
summarized from these perspectives. First, the red line representing the complex modulus
summation pattern gradually converges to diagonal reference line as the Takens embedding
number increases. The reference line is a simple linear function with zero intercepts and
the slope is determined by the truncation number n, i.e. y = 1/125x. In comparison with
the POD results, rapid growth of the cumulative eigenvalues is undetected in ordered DMD
results Re (λDMD1 ) > Re (λDMD2 ) > . . . (See the blue lines in Fig. 9). The reasoning
is associated with the essence of the Koopman operator, which transforms a nonlinear,
finite-dimensional system to a linear, infinite-dimensional structure18,19,21. The original
nonlinear/chaotic dynamics is projected onto an infinite number subspace S1,S2, . . . , where
each subspace S contains a certain type of physical phenomenon that is further spanned
by an infinite Koopman modes, whose eigenvalues are highly similar24–26. Moreover, when
Takens embedding number n > 1, the spatial dimension increases from 125 to 125 × n. A
small part of the cumulative summation is prone to be linear from a numerical computation
perspective16,19. As we will discuss the modal analysis of DMD modes in the following
Section IV D 2, a DMD mode computed from the original data set (d = 1) manages a set of
DMD modes computed using the embedded data (d > 1). The physical interpretation is the
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embedding process reinforces the dynamics buried in the dataset by enriching the details,
cascading a DMD mode to a set of DMD modes sharing a general spatial pattern but holding
different distributions. Hence, a linearly increasing pattern is observed. Secondly, both real
and imaginary lines appear to be smoother when n becomes large, affirming the enrichment
effects brought by the delay coordinates. Thirdly, the green line graphically denoting the
imaginary information of DMD eigenvalues is a downward convex function. Because the
imaginary part corresponds to the phase information14,22,23, that is, the frequency content,
the gradients of this function indicate that identified coherent structures whose properties
are dramatically evolving in time tend to have larger amplitudes. This is similar to the
turbulence where large eddies rapidly break into small eddies which grow with a relatively
higher frequency35,43.
Fig. 10 shows the distribution of DMD eigenvalues λ1, . . . , λ125. In practice, the DMD
eigenvalues represent evolution dynamics between subsequent snapshots24,26. Eigenval-
ues are found to be unstable if their complex modulus is greater than 1 (i.e., are lo-
cated outside the unit circle) and eigenvalues are deemed as stable or neutrally stable if√
Re (λi)2 + Im (λi)2 6 1 (i.e., are located inside or on the unit circle). Without Takens
embedding (d = 1), both stable and neutrally stable DMD modes have been identified.
Though the majority of DMD modes are expected to be located at the circular perimeter,
most DMD eigenvalues are away from the stable region, implying the wind tunnel data
is contaminated with noise14,24. To diminish the noise induced data distortion, we aug-
ment the dataset by the introduction of the delay coordinates. The resulting distributions
are compared in Fig. 10 where the Taken’s embedding number increases proportionally
1 → 2 → 4 → 8. It can be easily seen that the augmented DMD effectively mitigates
the noise influence as λ1, . . . , λ125 are gradually pushed to the circle boundary. Even with
a slightly enhanced topological space n = 8, subspace projection results are significantly
improved in all scenarios. This Takens’ embedding based augmentation agrees with the
theory of the dynamic mode decomposition as only neutrally stable eigenvalues should be
identified if sufficiently long observations are fed to the DMD algorithm31,32. The physical
insights obtained from this sufficiency analysis can be summarized as: (1) it may not be
straightforward to pick physically relevant modes with respect to the dynamical significance
of each mode since truncated eigenvalues are almost linearly ordered14,24; (2) experiment
data with noise needs to be either preprocessed or enhanced, so that system dynamics can
be more dominant during system identification. For (1), a machine learning based method
is introduced to determine a group of coherent structures governing the typical dynamical
mechanisms (See Section IV D 2). For (2), we offer a solution by the adoption of Takens
embedding.
D. Modal analysis
The goal of modal analysis in the context of analyzing aerodynamic pressure fields is
to determine the relationship between the aerodynamic loading and the identified eigen-
modes. Conventional POD method can provide physical insights connecting POD modes
and alongwind, acrosswind and torsional effects, which reasons the pressure loads from a
spatial distribution perspective. On the contrary, the proposed DMD method explains the
nonlinear dynamical phenomenon from a spatial and temporal perspective.
1. POD modes
Parameterization of POD For the aerodynamic pressure example considered here,
the POD method is performed independently on each surface, where 1000 snapshots are
used during the eigendecomposition process for each trial. Specifically, the singular value
decomposition (SVD) is adopted to find an orthogonal set of eigenfunctions10. Because the
POD algorithm by definition relies on the second-order statistical information, the extracted
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POD modes provide dominate coherent structures governing the random aerodynamic pres-
sure fields from a maximum variance perspective9,10. In particular, φPOD1 , . . . , φ
POD
n are
computed by maximizing the variance of the projected data tr
(
ΦTCpCp
TΦ
)
under the
constraint of ΦTΦ = I. To illustrate the resemblance between POD modes and statisti-
cal properties of the random pressure fields, a systematic summary of statistical moments
is presented in Fig. 11-Fig. 14. Both the resolved POD modes as well as their temporal
features are given.
Connections with statistical moments In theory, the mean E[|x1|] and the variance
E[|x2|] describe the location and variability of Cp (t), respectively. And the skewness E[|x3|]
and the kurtosis E[|x4|] measure the symmetry and flatness of the pressure distribution,
accordingly. In all scenarios stated in Fig. 11-Fig. 14, the spatial distribution represented
via the first POD mode is very similar to the first-order statistical moment, and the second-
order statistical moment may be generally accessed via the combination of a few dominant
POD modes. Variability properties included in the skewness and kurtosis, however, cannot
be explained, especially in Fig. 12 and Fig. 14, as in the past the focus has been on the
second-order statistics3,11.
Spatial interpretation of POD modes The orthogonality of identified modes has not
been justified from a physical point of view8,11,12. From a pure identification standpoint,
POD may extract coherent structures that are algorithmically deemed as isolated physical
patterns embedded in the random pressure field. In particular, POD modes are assumed
to be commonly related to the energy distribution of the target phenomena in applications
addressing the physical similarity23,40. For instance, φ1, φ2, and φ3 in Fig. 11 represent the
pressure distributions that result in the along-wind overturning moment, whereas similar
trends can be observed in Fig. 12-Fig. 14 for φ2. Moreover, φ2, φ3 in the other three
scenarios exhibit distribution patterns related to torsional loads. For example, φ3 in Fig. 13
it shows the negative and positive values are located at the left and right side of the surface
respectively, causing a out-of-plane torsion. Higher order POD modes are more associated
with smaller scale features since they are arranged in a decreasing order of eigenvalues. For
instance, peak values of φ4 are found around the prism edges in all scenarios. Especially in
the leeward and two sidewards, min-max values are around corners, suggesting the locates
where large pressure fluctuations take place. In spite of these physical interpretations, some
argue that POD modes are unable to provide subjective physics in terms of explaining a
dynamical system11,12. To deploy POD results for optimal control and design, methods such
as balanced proper orthogonal decomposition (BPOD) have been developed to establish an
input-output relationship for feedback control40,41, artificially managing the physics in the
POD results.
Temporal interpretation of POD modes The temporal evolution associated with
each POD mode is more like stochastic in nature rather than a well-ordered process21. The
dynamical evolution plots given in Fig. 11-Fig. 14 graphically illustrate the randomness
inherent in the temporal pattern. Temporal tensors a2 (t) , a3 (t), and a4 (t) are changing
abruptly in time, precluding identification of qualitative description of aerodynamic char-
acteristics. This is due to the POD algorithm, where the zero-time-lag covariance matrix is
first constructed and then eigendecomposition analysis is performed using this matrix. Be-
cause the aerodynamic pressure data is highly nonlinear and the covariance matrix does not
contain any evolution information, the resolved POD modes evolve in a way such that the
L2 norm error in the POD formulation is minimized, precluding the prediction of the next
state in time. Various methods have been developed especially in fluid mechanics to make
a nonlinear/chaotic dynamical process controllable and most of these techniques rely on
the state-space operator14,24. Next, the modal analysis results by the Koopman operator,
which lifts the target dynamics from the state-space to a functional space, are presented.
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(a.1) Mean: E[|x1|]
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(a.3) Skewness: E[|x3|]
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FIG. 11: Windward scenario: the decomposed spatial and temporal tensor by the POD
algorithm.
(b.1) POD mode 1
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(b.3) POD mode 3
<latexit sha1_base64="S+2ZBJ0NdTx127WZZv3t+EjEuNQ=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULeLeYLt6fZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHkuuVBw==</latexit>
(b.4) POD mode 4
<latexit sha1_base64="EgzHFsTGza32Z0sNUCzPJnw1Iso=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULePc0XbovZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHlgGVCQ==</latexit>
(c.4) POD mode 4
<latexit sha1_base64="B3jjnTtiJScITOdS8ZI/NONOkDw=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvnuYLt8Vs6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDl5WVCg==</latexit>
(c.3) POD mode 3
<latexit sha1_base64="ZwFxzASouZisfY8/543ocRuugy4=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvFvOF29Ns6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDlH+VCA==</latexit>
(c.2) POD mode 2
<latexit sha1_base64="DuwvJ09ePhnhBt8Td3kEzWDaPqQ=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiEeAm7UdBjUA/ejGAekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59uv3oLQIgzscRuD6rBeIruAMjdTO7bcQHjAp8GLpmFZurqgfdoCOaKmdy9tFewI6T5yU5EmKSjv31eqEPPYhQC6Z1k3HjtBNmELBJYyyrVhDxPiA9aBpaMB80G4y+WBEj4zSod1QmQqQTtTfEwnztR76nun0Gfb1rDcW//OaMXbP3UQEUYwQ8OmibiwphnQcB+0IBRzl0BDGlTC3Ut5ninE0oWVNCM7sy/OkVio6J8XS7Wm+fJHGkSEH5JAUiEPOSJlckwqpEk4eyTN5JW/Wk/VivVsf09YFK53ZI39gff4AkWmVBg==</latexit>
(c.1) POD mode 1
<latexit sha1_base64="LORqtGtbokM5E5KbM8dUeWRzvdI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2o6DHoB68GcE8IAlhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRcb6thcWl5ZXVzFp2fWNza9ve2a3qMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS295sID5jkecE9puWbK+qHHaAj6rbtnFNwJqDzxE1JjqQot+2vZifksQ8Bcsm0brhOhK2EKRRcwijbjDVEjA9YDxqGBswH3UomH4zokVE6tBsqUwHSifp7ImG+1kPfM50+w76e9cbif14jxu55KxFBFCMEfLqoG0uKIR3HQTtCAUc5NIRxJcytlPeZYhxNaFkTgjv78jypFgvuSaF4e5orXaRxZMgBOSR54pIzUiLXpEwqhJNH8kxeyZv1ZL1Y79bHtHXBSmf2yB9Ynz+OU5UE</latexit>
(a.1) Mean: E[|x1|]
<latexit sha1_base64="HO7QaWufRiE6eUoRCCakStIl0sU=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItxFQbEKimAjRDAqJGfY20x0yd7esTsnCWf+g41/xcZCEVsbO/+Nm49CEx/s8nhvhpl5QSyFQdf9diYmp6ZnZjNz2fmFxaXl3MrqpYkSzaHCIxnp64AZkEJBBQVKuI41sDCQcBW0jnv+1T1oIyJ1gZ0Y/JDdKtEUnKGV6rmdGkIb0y1W8LbpGTB1SLu0FjK8C4L0pEur9IG2bzz7+/Vc3i24fdBx4g1JngxRrue+ao2IJyEo5JIZU/XcGP2UaRRcQjdbSwzEjLfYLVQtVSwE46f9m7p00yoN2oy0fQppX/3dkbLQmE4Y2MretmbU64n/edUEmwd+KlScICg+GNRMJMWI9gKiDaGBo+xYwrgWdlfK75hmHG2MWRuCN3ryOLksFrzdQvF8L186GsaRIetkg2wRj+yTEjklZVIhnDySZ/JK3pwn58V5dz4GpRPOsGeN/IHz+QNnRJv2</latexit>
(a.2) Variance: E[|x2|]
<latexit sha1_base64="Dzj4yzYRfJfpqjTxUFqmpdfr99E="></latexit>
(a.3) Skewness: E[|x3|]
<latexit sha1_base64="xNvlwaYJlCNZ8b9VHIL5iK81w3I=">AAACF3icbVBNSwMxEM36bf2qevQSLIJell0rKJ6KInhUtK3QriWbTtvQbHZJZtWy9l948a948aCIV735b0xrD349SHi8N8PMvDCRwqDnfThj4xOTU9Mzs7m5+YXFpfzySsXEqeZQ5rGM9UXIDEihoIwCJVwkGlgUSqiG3cOBX70CbUSszrGXQBCxthItwRlaqZF36wg3mG0yt7hFz7pwrcCYfdqn9YhhJwyzoz6t0Vt6c1m0f9DIFzzXG4L+Jf6IFMgIJ438e70Z8zQChVwyY2q+l2CQMY2CS+jn6qmBhPEua0PNUsUiMEE2vKtPN6zSpK1Y26eQDtXvHRmLjOlFoa0cbGt+ewPxP6+WYmsvyIRKUgTFvwa1UkkxpoOQaFNo4Ch7ljCuhd2V8g7TjKONMmdD8H+f/JdUtl2/6G6f7hRKB6M4ZsgaWSebxCe7pESOyQkpE07uyAN5Is/OvfPovDivX6VjzqhnlfyA8/YJDSGd9A==</latexit>
(a.4) Kurtosis: E[|x4|]
<latexit sha1_base64="dnQMUT+pfu6aFZ7EyI3aQYUuV4U=">AAACF3icbVDLSgMxFM34rPVVdekmWIS6GWZqQXFVFEFwU8E+oDOWTJq2oZkHyR1pGecv3Pgrblwo4lZ3/o3pY6GtBxIO59zLvfd4keAKLOvbWFhcWl5Zzaxl1zc2t7ZzO7s1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3+xciv3zOpeBjcwjBirk+6Ae9wSkBLrZzpABtAUiBm6QhfxxJCxdUZTrHjE+h5XnKZ4iZ+wIO7kv7dVi5vmdYYeJ7YU5JHU1RauS+nHdLYZwFQQZRq2lYEbkIkcCpYmnVixSJC+6TLmpoGxGfKTcZ3pfhQK23cCaV+AeCx+rsjIb5SQ9/TlaNt1aw3Ev/zmjF0Tt2EB1EMLKCTQZ1YYAjxKCTc5pJREENNCJVc74ppj0hCQUeZ1SHYsyfPk1rRtI/N4k0pXz6fxpFB++gAFZCNTlAZXaEKqiKKHtEzekVvxpPxYrwbH5PSBWPas4f+wPj8ASwdngc=</latexit>
A. Statistical quantities
<latexit sha1_base64="/r+rY2iAPO/RLpQ6jM2rnPfeau0=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAhWYTcKWkZtLCOaByQhzE5ukiGzs+vMXTEsaW38FRsLRWz9Azv/xsmj0MQDA4dz7r3DOUEshUHP+3YWFpeWV1Yza9n1jc2tbXdnt2KiRHMo80hGuhYwA1IoKKNACbVYAwsDCdWgfznyq/egjYjULQ5iaIasq0RHcIZWarm0gfCA6Xme3qCVDFpH0ruEKXtMgBm23JyX98ag88SfkhyZotRyvxrtiCchKOSSGVP3vRibKdP2tIRhtpEYiBnvsy7ULVUsBNNMx0mG9NAqbdqJtH0K6Vj9vZGy0JhBGNjJkGHPzHoj8T+vnmDnrJkKFScIik8+6iSSYkRHtdC20MBRDixhXNvonPIe04yjLS9rS/BnI8+TSiHvH+cL1ye54sW0jgzZJwfkiPjklBTJFSmRMuHkkTyTV/LmPDkvzrvzMRldcKY7e+QPnM8f9Ziagw==</latexit>
B. POD modes
<latexit sha1_base64="h+Ywah3A6m3YPVcwnZwOTipkyJg=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwFHajoMcQPXgzgnlAEsLspJMMmX0w0ysuS/wVLx4U8eqHePNvnCR70MSChqKqm+4uL5JCo+N8Wyura+sbm7mt/PbO7t6+fXDY0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW98NfWbD6C0CIN7TCLo+mwYiIHgDI3UswsdhEdMqyVau72mftgHPenZRafkzECXiZuRIslQ69lfnX7IYx8C5JJp3XadCLspUyi4hEm+E2uIGB+zIbQNDZgPupvOjp/QE6P06SBUpgKkM/X3RMp8rRPfM50+w5Fe9Kbif147xsFlNxVBFCMEfL5oEEuKIZ0mQftCAUeZGMK4EuZWykdMMY4mr7wJwV18eZk0yiX3rFS+Oy9WqlkcOXJEjskpcckFqZAbUiN1wklCnskrebOerBfr3fqYt65Y2UyB/IH1+QPBfJQx</latexit>
C. Temporal properties
<latexit sha1_base64="UuNDV6Y8KC4Q78yCTZeEK/FyBz8=">AAACBnicbVBNSwMxEM36bf1a9ShCsAieym4V9Fj04rFCawvtUrLprIZmNyGZFcvSkxf/ihcPinj1N3jz35jWHvx6MPB4byaZebGWwmIQfHgzs3PzC4tLy6WV1bX1DX9z69Kq3HBociWVacfMghQZNFGghLY2wNJYQisenI391g0YK1TWwKGGKGVXmUgEZ+iknr/bRbjF4qxCG5BqZZik2igNBgXYUc8vB5VgAvqXhFNSJlPUe/57t694nkKGXDJrO2GgMSqYe45LGJW6uQXN+IBdQcfRjKVgo2JyxojuO6VPE2VcZUgn6veJgqXWDtPYdaYMr+1vbyz+53VyTE6iQmQ6R8j410dJLikqOs6E9oUBjnLoCONGuF0pv2aGcXTJlVwI4e+T/5LLaiU8rFQvjsq102kcS2SH7JEDEpJjUiPnpE6ahJM78kCeyLN37z16L97rV+uMN53ZJj/gvX0Ch9qZLA==</latexit>
FIG. 12: Leftside scenario: the decomposed spatial and temporal tensor by the POD algo-
rithm.
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(b.1) POD mode 1
<latexit sha1_base64="CwYxfrbDlK+PNbCThLeJpddsktg=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2o6DHoB68GcE8IAlhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRcb6thcWl5ZXVzFp2fWNza9ve2a3qMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS295sID5jkvYJ7TMs3V9QPO0BH1G3bOafgTEDniZuSHElRbttfzU7IYx8C5JJp3XCdCFsJUyi4hFG2GWuIGB+wHjQMDZgPupVMPhjRI6N0aDdUpgKkE/X3RMJ8rYe+Zzp9hn09643F/7xGjN3zViKCKEYI+HRRN5YUQzqOg3aEAo5yaAjjSphbKe8zxTia0LImBHf25XlSLRbck0Lx9jRXukjjyJADckjyxCVnpESuSZlUCCeP5Jm8kjfryXqx3q2PaeuClc7skT+wPn8AjL+VAw==</latexit>
(b.2) POD mode 2
<latexit sha1_base64="psxc8oFGnpOfJQCHOoZssnNDtak=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiEeAm7UdBjUA/ejGAekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59uv3oLQIgzscRuD6rBeIruAMjdTO7bcQHjApeMXSMa3cXFE/7AAd0VI7l7eL9gR0njgpyZMUlXbuq9UJeexDgFwyrZuOHaGbMIWCSxhlW7GGiPEB60HT0ID5oN1k8sGIHhmlQ7uhMhUgnai/JxLmaz30PdPpM+zrWW8s/uc1Y+yeu4kIohgh4NNF3VhSDOk4DtoRCjjKoSGMK2FupbzPFONoQsuaEJzZl+dJrVR0Toql29N8+SKNI0MOyCEpEIeckTK5JhVSJZw8kmfySt6sJ+vFerc+pq0LVjqzR/7A+vwBj9WVBQ==</latexit>
(b.3) POD mode 3
<latexit sha1_base64="S+2ZBJ0NdTx127WZZv3t+EjEuNQ=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULeLeYLt6fZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHkuuVBw==</latexit>
(b.4) POD mode 4
<latexit sha1_base64="EgzHFsTGza32Z0sNUCzPJnw1Iso=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULePc0XbovZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHlgGVCQ==</latexit>
(c.4) POD mode 4
<latexit sha1_base64="B3jjnTtiJScITOdS8ZI/NONOkDw=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvnuYLt8Vs6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDl5WVCg==</latexit>
(c.3) POD mode 3
<latexit sha1_base64="ZwFxzASouZisfY8/543ocRuugy4=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvFvOF29Ns6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDlH+VCA==</latexit>
(c.2) POD mode 2
<latexit sha1_base64="DuwvJ09ePhnhBt8Td3kEzWDaPqQ=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiEeAm7UdBjUA/ejGAekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59uv3oLQIgzscRuD6rBeIruAMjdTO7bcQHjAp8GLpmFZurqgfdoCOaKmdy9tFewI6T5yU5EmKSjv31eqEPPYhQC6Z1k3HjtBNmELBJYyyrVhDxPiA9aBpaMB80G4y+WBEj4zSod1QmQqQTtTfEwnztR76nun0Gfb1rDcW//OaMXbP3UQEUYwQ8OmibiwphnQcB+0IBRzl0BDGlTC3Ut5ninE0oWVNCM7sy/OkVio6J8XS7Wm+fJHGkSEH5JAUiEPOSJlckwqpEk4eyTN5JW/Wk/VivVsf09YFK53ZI39gff4AkWmVBg==</latexit>
(c.1) POD mode 1
<latexit sha1_base64="LORqtGtbokM5E5KbM8dUeWRzvdI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2o6DHoB68GcE8IAlhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRcb6thcWl5ZXVzFp2fWNza9ve2a3qMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS295sID5jkecE9puWbK+qHHaAj6rbtnFNwJqDzxE1JjqQot+2vZifksQ8Bcsm0brhOhK2EKRRcwijbjDVEjA9YDxqGBswH3UomH4zokVE6tBsqUwHSifp7ImG+1kPfM50+w76e9cbif14jxu55KxFBFCMEfLqoG0uKIR3HQTtCAUc5NIRxJcytlPeZYhxNaFkTgjv78jypFgvuSaF4e5orXaRxZMgBOSR54pIzUiLXpEwqhJNH8kxeyZv1ZL1Y79bHtHXBSmf2yB9Ynz+OU5UE</latexit>
(a.1) Mean: E[|x1|]
<latexit sha1_base64="HO7QaWufRiE6eUoRCCakStIl0sU=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItxFQbEKimAjRDAqJGfY20x0yd7esTsnCWf+g41/xcZCEVsbO/+Nm49CEx/s8nhvhpl5QSyFQdf9diYmp6ZnZjNz2fmFxaXl3MrqpYkSzaHCIxnp64AZkEJBBQVKuI41sDCQcBW0jnv+1T1oIyJ1gZ0Y/JDdKtEUnKGV6rmdGkIb0y1W8LbpGTB1SLu0FjK8C4L0pEur9IG2bzz7+/Vc3i24fdBx4g1JngxRrue+ao2IJyEo5JIZU/XcGP2UaRRcQjdbSwzEjLfYLVQtVSwE46f9m7p00yoN2oy0fQppX/3dkbLQmE4Y2MretmbU64n/edUEmwd+KlScICg+GNRMJMWI9gKiDaGBo+xYwrgWdlfK75hmHG2MWRuCN3ryOLksFrzdQvF8L186GsaRIetkg2wRj+yTEjklZVIhnDySZ/JK3pwn58V5dz4GpRPOsGeN/IHz+QNnRJv2</latexit>
(a.2) Variance: E[|x2|]
<latexit sha1_base64="Dzj4yzYRfJfpqjTxUFqmpdfr99E="></latexit>
(a.3) Skewness: E[|x3|]
<latexit sha1_base64="xNvlwaYJlCNZ8b9VHIL5iK81w3I=">AAACF3icbVBNSwMxEM36bf2qevQSLIJell0rKJ6KInhUtK3QriWbTtvQbHZJZtWy9l948a948aCIV735b0xrD349SHi8N8PMvDCRwqDnfThj4xOTU9Mzs7m5+YXFpfzySsXEqeZQ5rGM9UXIDEihoIwCJVwkGlgUSqiG3cOBX70CbUSszrGXQBCxthItwRlaqZF36wg3mG0yt7hFz7pwrcCYfdqn9YhhJwyzoz6t0Vt6c1m0f9DIFzzXG4L+Jf6IFMgIJ438e70Z8zQChVwyY2q+l2CQMY2CS+jn6qmBhPEua0PNUsUiMEE2vKtPN6zSpK1Y26eQDtXvHRmLjOlFoa0cbGt+ewPxP6+WYmsvyIRKUgTFvwa1UkkxpoOQaFNo4Ch7ljCuhd2V8g7TjKONMmdD8H+f/JdUtl2/6G6f7hRKB6M4ZsgaWSebxCe7pESOyQkpE07uyAN5Is/OvfPovDivX6VjzqhnlfyA8/YJDSGd9A==</latexit>
(a.4) Kurtosis: E[|x4|]
<latexit sha1_base64="dnQMUT+pfu6aFZ7EyI3aQYUuV4U=">AAACF3icbVDLSgMxFM34rPVVdekmWIS6GWZqQXFVFEFwU8E+oDOWTJq2oZkHyR1pGecv3Pgrblwo4lZ3/o3pY6GtBxIO59zLvfd4keAKLOvbWFhcWl5Zzaxl1zc2t7ZzO7s1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3+xciv3zOpeBjcwjBirk+6Ae9wSkBLrZzpABtAUiBm6QhfxxJCxdUZTrHjE+h5XnKZ4iZ+wIO7kv7dVi5vmdYYeJ7YU5JHU1RauS+nHdLYZwFQQZRq2lYEbkIkcCpYmnVixSJC+6TLmpoGxGfKTcZ3pfhQK23cCaV+AeCx+rsjIb5SQ9/TlaNt1aw3Ev/zmjF0Tt2EB1EMLKCTQZ1YYAjxKCTc5pJREENNCJVc74ppj0hCQUeZ1SHYsyfPk1rRtI/N4k0pXz6fxpFB++gAFZCNTlAZXaEKqiKKHtEzekVvxpPxYrwbH5PSBWPas4f+wPj8ASwdngc=</latexit>
A. Statistical quantities
<latexit sha1_base64="/r+rY2iAPO/RLpQ6jM2rnPfeau0=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAhWYTcKWkZtLCOaByQhzE5ukiGzs+vMXTEsaW38FRsLRWz9Azv/xsmj0MQDA4dz7r3DOUEshUHP+3YWFpeWV1Yza9n1jc2tbXdnt2KiRHMo80hGuhYwA1IoKKNACbVYAwsDCdWgfznyq/egjYjULQ5iaIasq0RHcIZWarm0gfCA6Xme3qCVDFpH0ruEKXtMgBm23JyX98ag88SfkhyZotRyvxrtiCchKOSSGVP3vRibKdP2tIRhtpEYiBnvsy7ULVUsBNNMx0mG9NAqbdqJtH0K6Vj9vZGy0JhBGNjJkGHPzHoj8T+vnmDnrJkKFScIik8+6iSSYkRHtdC20MBRDixhXNvonPIe04yjLS9rS/BnI8+TSiHvH+cL1ye54sW0jgzZJwfkiPjklBTJFSmRMuHkkTyTV/LmPDkvzrvzMRldcKY7e+QPnM8f9Ziagw==</latexit>
B. POD modes
<latexit sha1_base64="h+Ywah3A6m3YPVcwnZwOTipkyJg=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwFHajoMcQPXgzgnlAEsLspJMMmX0w0ysuS/wVLx4U8eqHePNvnCR70MSChqKqm+4uL5JCo+N8Wyura+sbm7mt/PbO7t6+fXDY0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW98NfWbD6C0CIN7TCLo+mwYiIHgDI3UswsdhEdMqyVau72mftgHPenZRafkzECXiZuRIslQ69lfnX7IYx8C5JJp3XadCLspUyi4hEm+E2uIGB+zIbQNDZgPupvOjp/QE6P06SBUpgKkM/X3RMp8rRPfM50+w5Fe9Kbif147xsFlNxVBFCMEfL5oEEuKIZ0mQftCAUeZGMK4EuZWykdMMY4mr7wJwV18eZk0yiX3rFS+Oy9WqlkcOXJEjskpcckFqZAbUiN1wklCnskrebOerBfr3fqYt65Y2UyB/IH1+QPBfJQx</latexit>
C. Temporal properties
<latexit sha1_base64="UuNDV6Y8KC4Q78yCTZeEK/FyBz8=">AAACBnicbVBNSwMxEM36bf1a9ShCsAieym4V9Fj04rFCawvtUrLprIZmNyGZFcvSkxf/ihcPinj1N3jz35jWHvx6MPB4byaZebGWwmIQfHgzs3PzC4tLy6WV1bX1DX9z69Kq3HBociWVacfMghQZNFGghLY2wNJYQisenI391g0YK1TWwKGGKGVXmUgEZ+iknr/bRbjF4qxCG5BqZZik2igNBgXYUc8vB5VgAvqXhFNSJlPUe/57t694nkKGXDJrO2GgMSqYe45LGJW6uQXN+IBdQcfRjKVgo2JyxojuO6VPE2VcZUgn6veJgqXWDtPYdaYMr+1vbyz+53VyTE6iQmQ6R8j410dJLikqOs6E9oUBjnLoCONGuF0pv2aGcXTJlVwI4e+T/5LLaiU8rFQvjsq102kcS2SH7JEDEpJjUiPnpE6ahJM78kCeyLN37z16L97rV+uMN53ZJj/gvX0Ch9qZLA==</latexit>
FIG. 13: Leeward scenario: the decomposed spatial and temporal tensor by the POD
algorithm.
(b.1) POD mode 1
<latexit sha1_base64="CwYxfrbDlK+PNbCThLeJpddsktg=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2o6DHoB68GcE8IAlhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRcb6thcWl5ZXVzFp2fWNza9ve2a3qMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS295sID5jkvYJ7TMs3V9QPO0BH1G3bOafgTEDniZuSHElRbttfzU7IYx8C5JJp3XCdCFsJUyi4hFG2GWuIGB+wHjQMDZgPupVMPhjRI6N0aDdUpgKkE/X3RMJ8rYe+Zzp9hn09643F/7xGjN3zViKCKEYI+HRRN5YUQzqOg3aEAo5yaAjjSphbKe8zxTia0LImBHf25XlSLRbck0Lx9jRXukjjyJADckjyxCVnpESuSZlUCCeP5Jm8kjfryXqx3q2PaeuClc7skT+wPn8AjL+VAw==</latexit>
(b.2) POD mode 2
<latexit sha1_base64="psxc8oFGnpOfJQCHOoZssnNDtak=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiEeAm7UdBjUA/ejGAekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59uv3oLQIgzscRuD6rBeIruAMjdTO7bcQHjApeMXSMa3cXFE/7AAd0VI7l7eL9gR0njgpyZMUlXbuq9UJeexDgFwyrZuOHaGbMIWCSxhlW7GGiPEB60HT0ID5oN1k8sGIHhmlQ7uhMhUgnai/JxLmaz30PdPpM+zrWW8s/uc1Y+yeu4kIohgh4NNF3VhSDOk4DtoRCjjKoSGMK2FupbzPFONoQsuaEJzZl+dJrVR0Toql29N8+SKNI0MOyCEpEIeckTK5JhVSJZw8kmfySt6sJ+vFerc+pq0LVjqzR/7A+vwBj9WVBQ==</latexit>
(b.3) POD mode 3
<latexit sha1_base64="S+2ZBJ0NdTx127WZZv3t+EjEuNQ=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULeLeYLt6fZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHkuuVBw==</latexit>
(b.4) POD mode 4
<latexit sha1_base64="EgzHFsTGza32Z0sNUCzPJnw1Iso=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkvHzxhJZvrqgfdoCOaLFtZ528MwFdJO6MZMkM5bb91eyEPPYhQC6Z1g3XibCVMIWCSxhlmrGGiPEB60HD0ID5oFvJ5IMRPTZKh3ZDZSpAOlF/TyTM13roe6bTZ9jX895Y/M9rxNg9byUiiGKEgE8XdWNJMaTjOGhHKOAoh4YwroS5lfI+U4yjCS1jQnDnX14k1ULePc0XbovZ0sUsjjQ5JEckR1xyRkrkmpRJhXDySJ7JK3mznqwX6936mLamrNnMPvkD6/MHlgGVCQ==</latexit>
(c.4) POD mode 4
<latexit sha1_base64="B3jjnTtiJScITOdS8ZI/NONOkDw=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMxIAeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvnuYLt8Vs6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDl5WVCg==</latexit>
(c.3) POD mode 3
<latexit sha1_base64="ZwFxzASouZisfY8/543ocRuugy4=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMJIIeg3rwZgSzQBJCT6eSNOlZ6K4RwxAv/ooXD4p49S+8+Td2loMmPih4vFdFVT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS2D5oID5jkeL54Qss3V9QPO0BHtNi2s07emYAuEndGsmSGctv+anZCHvsQIJdM64brRNhKmELBJYwyzVhDxPiA9aBhaMB80K1k8sGIHhulQ7uhMhUgnai/JxLmaz30PdPpM+zreW8s/uc1YuyetxIRRDFCwKeLurGkGNJxHLQjFHCUQ0MYV8LcSnmfKcbRhJYxIbjzLy+SaiHvFvOF29Ns6WIWR5ockiOSIy45IyVyTcqkQjh5JM/klbxZT9aL9W59TFtT1mxmn/yB9fkDlH+VCA==</latexit>
(c.2) POD mode 2
<latexit sha1_base64="DuwvJ09ePhnhBt8Td3kEzWDaPqQ=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiEeAm7UdBjUA/ejGAekCxhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59uv3oLQIgzscRuD6rBeIruAMjdTO7bcQHjAp8GLpmFZurqgfdoCOaKmdy9tFewI6T5yU5EmKSjv31eqEPPYhQC6Z1k3HjtBNmELBJYyyrVhDxPiA9aBpaMB80G4y+WBEj4zSod1QmQqQTtTfEwnztR76nun0Gfb1rDcW//OaMXbP3UQEUYwQ8OmibiwphnQcB+0IBRzl0BDGlTC3Ut5ninE0oWVNCM7sy/OkVio6J8XS7Wm+fJHGkSEH5JAUiEPOSJlckwqpEk4eyTN5JW/Wk/VivVsf09YFK53ZI39gff4AkWmVBg==</latexit>
(c.1) POD mode 1
<latexit sha1_base64="LORqtGtbokM5E5KbM8dUeWRzvdI=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2o6DHoB68GcE8IAlhdtJJhsw+mOkVwxIv/ooXD4p49S+8+TdOkj1oYkFDUdVNd5cXSaHRcb6thcWl5ZXVzFp2fWNza9ve2a3qMFYcKjyUoap7TIMUAVRQoIR6pID5noSaN7gc+7V7UFqEwR0OI2j5rBeIruAMjdS295sID5jkecE9puWbK+qHHaAj6rbtnFNwJqDzxE1JjqQot+2vZifksQ8Bcsm0brhOhK2EKRRcwijbjDVEjA9YDxqGBswH3UomH4zokVE6tBsqUwHSifp7ImG+1kPfM50+w76e9cbif14jxu55KxFBFCMEfLqoG0uKIR3HQTtCAUc5NIRxJcytlPeZYhxNaFkTgjv78jypFgvuSaF4e5orXaRxZMgBOSR54pIzUiLXpEwqhJNH8kxeyZv1ZL1Y79bHtHXBSmf2yB9Ynz+OU5UE</latexit>
(a.1) Mean: E[|x1|]
<latexit sha1_base64="HO7QaWufRiE6eUoRCCakStIl0sU=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItxFQbEKimAjRDAqJGfY20x0yd7esTsnCWf+g41/xcZCEVsbO/+Nm49CEx/s8nhvhpl5QSyFQdf9diYmp6ZnZjNz2fmFxaXl3MrqpYkSzaHCIxnp64AZkEJBBQVKuI41sDCQcBW0jnv+1T1oIyJ1gZ0Y/JDdKtEUnKGV6rmdGkIb0y1W8LbpGTB1SLu0FjK8C4L0pEur9IG2bzz7+/Vc3i24fdBx4g1JngxRrue+ao2IJyEo5JIZU/XcGP2UaRRcQjdbSwzEjLfYLVQtVSwE46f9m7p00yoN2oy0fQppX/3dkbLQmE4Y2MretmbU64n/edUEmwd+KlScICg+GNRMJMWI9gKiDaGBo+xYwrgWdlfK75hmHG2MWRuCN3ryOLksFrzdQvF8L186GsaRIetkg2wRj+yTEjklZVIhnDySZ/JK3pwn58V5dz4GpRPOsGeN/IHz+QNnRJv2</latexit>
(a.2) Variance: E[|x2|]
<latexit sha1_base64="Dzj4yzYRfJfpqjTxUFqmpdfr99E="></latexit>
(a.3) Skewness: E[|x3|]
<latexit sha1_base64="xNvlwaYJlCNZ8b9VHIL5iK81w3I=">AAACF3icbVBNSwMxEM36bf2qevQSLIJell0rKJ6KInhUtK3QriWbTtvQbHZJZtWy9l948a948aCIV735b0xrD349SHi8N8PMvDCRwqDnfThj4xOTU9Mzs7m5+YXFpfzySsXEqeZQ5rGM9UXIDEihoIwCJVwkGlgUSqiG3cOBX70CbUSszrGXQBCxthItwRlaqZF36wg3mG0yt7hFz7pwrcCYfdqn9YhhJwyzoz6t0Vt6c1m0f9DIFzzXG4L+Jf6IFMgIJ438e70Z8zQChVwyY2q+l2CQMY2CS+jn6qmBhPEua0PNUsUiMEE2vKtPN6zSpK1Y26eQDtXvHRmLjOlFoa0cbGt+ewPxP6+WYmsvyIRKUgTFvwa1UkkxpoOQaFNo4Ch7ljCuhd2V8g7TjKONMmdD8H+f/JdUtl2/6G6f7hRKB6M4ZsgaWSebxCe7pESOyQkpE07uyAN5Is/OvfPovDivX6VjzqhnlfyA8/YJDSGd9A==</latexit>
(a.4) Kurtosis: E[|x4|]
<latexit sha1_base64="dnQMUT+pfu6aFZ7EyI3aQYUuV4U=">AAACF3icbVDLSgMxFM34rPVVdekmWIS6GWZqQXFVFEFwU8E+oDOWTJq2oZkHyR1pGecv3Pgrblwo4lZ3/o3pY6GtBxIO59zLvfd4keAKLOvbWFhcWl5Zzaxl1zc2t7ZzO7s1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3+xciv3zOpeBjcwjBirk+6Ae9wSkBLrZzpABtAUiBm6QhfxxJCxdUZTrHjE+h5XnKZ4iZ+wIO7kv7dVi5vmdYYeJ7YU5JHU1RauS+nHdLYZwFQQZRq2lYEbkIkcCpYmnVixSJC+6TLmpoGxGfKTcZ3pfhQK23cCaV+AeCx+rsjIb5SQ9/TlaNt1aw3Ev/zmjF0Tt2EB1EMLKCTQZ1YYAjxKCTc5pJREENNCJVc74ppj0hCQUeZ1SHYsyfPk1rRtI/N4k0pXz6fxpFB++gAFZCNTlAZXaEKqiKKHtEzekVvxpPxYrwbH5PSBWPas4f+wPj8ASwdngc=</latexit>
A. Statistical quantities
<latexit sha1_base64="/r+rY2iAPO/RLpQ6jM2rnPfeau0=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAhWYTcKWkZtLCOaByQhzE5ukiGzs+vMXTEsaW38FRsLRWz9Azv/xsmj0MQDA4dz7r3DOUEshUHP+3YWFpeWV1Yza9n1jc2tbXdnt2KiRHMo80hGuhYwA1IoKKNACbVYAwsDCdWgfznyq/egjYjULQ5iaIasq0RHcIZWarm0gfCA6Xme3qCVDFpH0ruEKXtMgBm23JyX98ag88SfkhyZotRyvxrtiCchKOSSGVP3vRibKdP2tIRhtpEYiBnvsy7ULVUsBNNMx0mG9NAqbdqJtH0K6Vj9vZGy0JhBGNjJkGHPzHoj8T+vnmDnrJkKFScIik8+6iSSYkRHtdC20MBRDixhXNvonPIe04yjLS9rS/BnI8+TSiHvH+cL1ye54sW0jgzZJwfkiPjklBTJFSmRMuHkkTyTV/LmPDkvzrvzMRldcKY7e+QPnM8f9Ziagw==</latexit>
B. POD modes
<latexit sha1_base64="h+Ywah3A6m3YPVcwnZwOTipkyJg=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwFHajoMcQPXgzgnlAEsLspJMMmX0w0ysuS/wVLx4U8eqHePNvnCR70MSChqKqm+4uL5JCo+N8Wyura+sbm7mt/PbO7t6+fXDY0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW98NfWbD6C0CIN7TCLo+mwYiIHgDI3UswsdhEdMqyVau72mftgHPenZRafkzECXiZuRIslQ69lfnX7IYx8C5JJp3XadCLspUyi4hEm+E2uIGB+zIbQNDZgPupvOjp/QE6P06SBUpgKkM/X3RMp8rRPfM50+w5Fe9Kbif147xsFlNxVBFCMEfL5oEEuKIZ0mQftCAUeZGMK4EuZWykdMMY4mr7wJwV18eZk0yiX3rFS+Oy9WqlkcOXJEjskpcckFqZAbUiN1wklCnskrebOerBfr3fqYt65Y2UyB/IH1+QPBfJQx</latexit>
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FIG. 14: Rightside scenario: the decomposed spatial and temporal tensor by the POD
algorithm.
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2. DMD modes
Parameterization of DMD First and foremost, we define parameters involved in the
augmented DMD algorithm utilizing the convergence and sufficiency analysis results pre-
sented earlier (See Section IV B 2 and Section IV C 2 for details). In particular, we use
730 snapshots to ensure obtaining converged results, leading to an input data matrix
D ∈ R125×730. Then, we embed this matrix to a higher dimension by means of Tak-
ens’s theorem30,32, where the embedding number d = 30. Such parameterization guar-
antees that most eigenvalues are driven to a neutrally stable state. The new input data
matrix D ∈ R3750×701. According to Eq. (17) and Eq. (23), the augmented DMD algo-
rithm divides D into two time-shifted matrices Y ,Y ′ ∈ R3750×700. To conduct efficient
decomposition analysis, we set the truncation number in the DMD method r = 125. Con-
sequently, a low-rank representation consisting of 125 DMD modes is extracted by the
proposed algorithm22,23. To determine dynamically relevant DMD modes, we propose an
unsupervised machine learning method, i.e., clustering to group DMD modes having similar
properties. In this context, the k-means clustering scheme, which is also known as Lloyds
method, is used as the algorithm can control the number of clusters10,44. Inputs for the clus-
ter analysis include the resolved 125 DMD eigenmodes and the cluster number Ncluster = 3.
We normalize the eigenmode matrix to improve the clustering performance and the distance
metric involved in the iterative calculation process is specified to the correlation type.
Energy cascade After preprocessing, k-means clustering grouped the truncated 125
DMD eigenmodes into three clusters. It is found that each cluster is directly linked to a type
of coherent structure categorized by the scale of spatial patterns, i.e. macro-scale, meso-
scale, and micro-scale. From these three types of grouped coherent structures, interest is in
inferring the physical connections between clustered DMD modes and turbulent dynamics
buried in the incoming winds. For example, it is known that the aerodynamic fluctuating
loads acting on the windward face of the prism model are dominated by the approach flow
turbulence and aerodynamic loads acting on the two side and leeward faces are closely
related to the wake dynamics including vortex shedding, which in turn is influenced by the
turbulence in the approach flow6,11,12,39. These experimental findings show the similarity of
turbulence properties with the aerodynamic loads represented by combining the use of DMD
modes and temporal evolutions. To understand how turbulence related to the aerodynamics
pressure field around prisms, we focus on explaining the energy transfer by investigating
the dynamical evolution of each DMD mode. In particular, the dynamical evolution of the
identified coherent structures is similar to the energy transferring mechanisms in turbulence,
pressure pattern
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FIG. 15: Similarities of clustered DMD modes with turbulence energy distribution.
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which includes energy cascade, neutrally steady, and inverse cascade37. Furthermore, it is
noted that identified spatial patterns in the pressure field are similar to the distribution of
length scales (eddy sizes) in the incoming turbulent flow. Fig. 15 schematically highlights
these observations.
Clustering results First, we have ranked the identified DMD modes by the real part
of the eigenvalue in a descending order besides k-means clustering. We have classified 125
into three groups where group 1 is {φ1, . . . , φ42}, group 2 is {φ43, . . . , φ84}, and group 3 is
{φ85, . . . , φ125}. Next, we compared the eigendecomposition results classified by the clus-
ter analysis and physical ranking. Note every DMD mode has a unique eigenvalue that
is complex valued, where the real part contains the information on the growth/decay rate
and the imaginary part conveys the phase information. In Fig. 16, we first take the real
part out and create a vector for each cluster, that is, Λmacro = [Re (λ1) , . . . , Re (λnmacro)],
Λmeso = [Re (λ1) , . . . , Re (λnmeso)], and Λ
micro = [Re (λ1) , . . . , Re (λnmicro)]. Then, distri-
butions of Λmicro, Λmicro, and Λmicro are approximated utilizing a normal kernel smoothing
function. The same procedures have been applied to the ranking based group data. For a
clear comparison purpose, we normalized the results by performing element-wise division
where the divisor is max (Re (λi)) with i = 1, . . . , 125. The upper row of Fig. 16 summarizes
distribution results for different prism surfaces. Obviously, macro-scale DMD modes tend
to have larger eigenvalues, indicating that they contain more energy3,34, while eigenvalues
of the micro-scale DMD modes spread over the entire interval. Secondly, each DMD mode
is found oscillating at a specific frequency, which can be determined from the imaginary
part of its eigenvalue. The second row of Fig. 16 gives distribution results of these frequen-
cies of oscillation, where macro-scale DMD modes have a relatively lower frequency range
compared to the other two types. This observation agrees with the experimental finding on
the turbulence of different length scales, where frequencies of large eddies are much smaller
than small eddies35,37. Moreover, the proposed supervised learning, clustering, have suc-
cessful grouped identified DMD modes by the similarity between two spatial patterns. The
clustered results are in accordance with the physical ranking based on the magnitude of the
real part of the eigenvalue.
(a.1) Windward: distribution of DMD eigenvalues (a.2) Leftside: distribution of DMD eigenvalues (a.3) Leeward: distribution of DMD eigenvalues (a.4) Rightside: distribution of DMD eigenvalues
(b.1) Windward: distribution of DMD frequencies (b.2) Leftside: distribution of DMD frequencies (b.3) Leeward: distribution of DMD frequencies (b.4) Rightside: distribution of DMD frequencies
FIG. 16: Distributions of clustered eigenvalues and frequencies.
Macro-scale DMD modes: linkage to POD modes Similar to the POD modes
ranked in descending order of energy content, we arrange the DMD modes based on their
contributions to the total energy by means of the real parts Re (λi). Fig. 17 summarizes
the first four DMD modes of each surface. Even though there are differences between the
POD and DMD modes, the identified eigenmodes share many similarities. In particular,
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the first DMD mode is notably related to the first POD mode. A general view of the
resulting DMD modes shows that coherent structures at macro-scale provide a global sketch
of the aerodynamic loads. Specifically, DMD modes in the windward scenario are in good
agreement with the force pattern reasoning the overturning moment. Locations of local
minima and maxima serve as scaled features of lateral forces. The distinct separation
of minimum and maximum values indicate the aerodynamic moment on the windward
surface computed using these horizontal forces directly contribute to the overall overturning
moment. Moreover, the most energetic DMD modes in two side faces scenarios show the
symmetry of the influence of macro-scale coherent structures is vitiated. The asymmetry
factor causes the geometric center and center not to coincide, which in turn gives rise
to potentially torsional loads. For the leeward, DMD mode 1 is obviously related to the
overturning moment while the other three modes cover both overturning and torsional
effects. Very similar results are also found in the POD modes3,6.
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C. Leeward scenario
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D. Rightside scenario
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FIG. 17: Macro-scale DMD modes.
Temporal evolution of macro-scale DMD modes: linkage to mean flow field
The most energetic modes obtained via the spectral analysis are usually connected with, to
some extent, a collection of flow mechanisms such as the mean flow field around the object7.
(a.1) Windward scenario: mode 1
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(a.2) Leftside scenario: mode 1
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(a.3) Leeward scenario: mode 1
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(a.4) Rightside scenario: mode 1
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(b.1) Windward scenario: mode 3
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(b.2) Leftside scenario: mode 3
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(b.3) Leeward scenario: mode 3
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(b.4) Rightside scenario: mode 3
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A monotonically increasing trend (in terms of the absolute value) is detected in the time-evolution pattern of
<latexit sha1_base64="4IoyPVUr/KvZVOYXfDciuRpcJX4="></latexit>
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A decaying trend is detected in the time-evolution pattern of the higher DMD modes of all surfaces
<latexit sha1_base64="pIh65Bjx5e1lgkHd3acdYC79OZs="></latexit>
FIG. 18: Dynamical evolution of selected macro-scale DMD modes.
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However, it should be noted that a particular DMd mode may be simultaneously related to
a few flow mechanisms. According to the results, we are mainly concerned with the mean
flow field when analyzing the macro-scale DMD modes. First, it can be seen from Fig. 18
that the absolute amplitude of the first DMD mode appears to grow in all scenarios. This
observation conforms to the physical principles of the energy injection concerning stationary
boundary layer flows45, where the continually incoming wind constitutes the mean energy
injection that balances the mean energy dissipation.
Secondly, other DMD modes mostly exhibit decay trend in time. This is a strong resem-
blance to the turbulent energy cascade, where turbulent eddies of a wide range of scales pass
energy successively from larger eddies to the smaller ones46. In the context of random pres-
sure fields over prisms, macro-scale spatial patterns in DMD modes reflect the large-scale
fluid motions involved in the approaching wind. Observing at time t, the energy associated
with these fluid motions is gradually dissipated by the viscosity36, resulting in a decaying
temporal behavior at t + ∆, i.e. coherent structures in the pressure field at macro-scale
decompose to a smaller scale (meso or micro). Hence, analyzing the temporal evolution of
macro-scale DMD modes offer time-evolution of the break down of fluid flow.
Micro-scale DMD modes: linkage to small eddies Aerodynamic forces are usually
separated into mean and fluctuating components47. And the fluctuating component related
to the magnitude of pressure perturbations is directly affected by the nearby small eddies.
According to the Kolmogorov length scale theory, small eddies tend to have high frequencies,
causing turbulence to be isotropic and homogeneous at a local scale36. In a generic sense,
small eddies represent instabilities of local interactions between different fluid motions.
In Fig. 19, four micro-scale DMD modes from each scenario to illustrate such pressure
perturbation were selected. Two properties of the resulting DMD modes should be noted.
First, pressure perturbations are randomly distributed on each surface. Secondly, the active
areas are relatively small and sparsely scattered. These two properties conform to the
characteristics of small eddies (randomness and size)35,36.
A. Windward scenario
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C. Leeward scenario
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D. Rightside scenario
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Mode 101
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Mode 111
<latexit sha1_base64="N0857HulUd9+CVtlsKKfvtTa0ls=">AAAB+XicbZBLSwMxFIUzPmt9jbp0EyyCqzJTBV0W3IggVLAPaIeSydxpQzMPkjvFMhT8IW5cKOLWf+LOf2P6WGjrgcDHOTfk5vipFBod59taWV1b39gsbBW3d3b39u2Dw4ZOMsWhzhOZqJbPNEgRQx0FSmilCljkS2j6g+tJ3hyC0iKJH3CUghexXixCwRkaq2vbHYRHzO+SAOiYuq7btUtO2ZmKLoM7hxKZq9a1vzpBwrMIYuSSad12nRS9nCkUXMK42Mk0pIwPWA/aBmMWgfby6eZjemqcgIaJMidGOnV/38hZpPUo8s1kxLCvF7OJ+V/WzjC88nIRpxlCzGcPhZmkmNBJDTQQCjjKkQHGlTC7Ut5ninE0ZRVNCe7il5ehUSm75+XK/UWpevs0q6NAjskJOSMuuSRVckNqpE44GZJn8krerNx6sd6tj9noijWv8Ij8kfX5A2sPk0g=</latexit>
Mode 117
<latexit sha1_base64="B2kMZMyiK0xPIO/zE7sVu0WliiY=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZKtRlwY0IQgX7gHYomcxtG5p5kNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhN8dPpNDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD6+neXMESos4esBxAl7I+pHoCc7QWF3b7iA8YnYXB0An1HUrXbvolJyZ6Cq4CyiShWpd+6sTxDwNIUIumdZt10nQy5hCwSVMCp1UQ8L4kPWhbTBiIWgvm20+oWfGCWgvVuZESGfu7xsZC7Ueh76ZDBkO9HI2Nf/L2in2rrxMREmKEPH5Q71UUozptAYaCAUc5dgA40qYXSkfMMU4mrIKpgR3+cur0CiX3ItS+f6yWL19mteRJyfklJwTl1RIldyQGqkTTkbkmbySNyuzXqx362M+mrMWFR6TP7I+fwB0J5NO</latexit> Mode 93
<latexit sha1_base64="ZFyDvMHsvZ6DElHfeZZqDoY+UFs=">AAAB+HicbZBLSwMxFIUz9VXro1WXboJFcFVmWkHdFdyIIFSwD2hLyWTutKGZB8kdsQ4F/4cbF4q49ae489+YPhbaeiDwcc4NuTluLIVG2/62Miura+sb2c3c1vbObr6wt9/QUaI41HkkI9VymQYpQqijQAmtWAELXAlNd3g5yZv3oLSIwjscxdANWD8UvuAMjdUr5DsID5jeRB7QMb2o9ApFu2RPRZfBmUORzFXrFb46XsSTAELkkmndduwYuylTKLiEca6TaIgZH7I+tA2GLADdTaeLj+mxcTzqR8qcEOnU/X0jZYHWo8A1kwHDgV7MJuZ/WTtB/7ybijBOEEI+e8hPJMWITlqgnlDAUY4MMK6E2ZXyAVOMo+kqZ0pwFr+8DI1yyamUyrenxer106yOLDkkR+SEOOSMVMkVqZE64SQhz+SVvFmP1ov1bn3MRjPWvMID8kfW5w8FnJMX</latexit>
Mode 99
<latexit sha1_base64="Ze2zacOemnxoTMvu/t+lUAFqVZo=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSL4KrMVEG7K7gRQahgH9AOJZPetqGZB8kdsQ4F/4cbF4q49ae489+YPhbaeiDwcc4NuTl+LIVGx/m2Miura+sb2c3c1vbObt7e26/rKFEcajySkWr6TIMUIdRQoIRmrIAFvoSGP7yc5I17UFpE4R2OYvAC1g9FT3CGxurY+TbCA6Y3URfomJbLHbvgFJ2p6DK4cyiQuaod+6vdjXgSQIhcMq1brhOjlzKFgksY59qJhpjxIetDy2DIAtBeOl18TI+N06W9SJkTIp26v2+kLNB6FPhmMmA40IvZxPwvayXYu/BSEcYJQshnD/USSTGikxZoVyjgKEcGGFfC7Er5gCnG0XSVMyW4i19ehnqp6J4WS7dnhcr106yOLDkkR+SEuOScVMgVqZIa4SQhz+SVvFmP1ov1bn3MRjPWvMID8kfW5w8OtJMd</latexit>
Mode 109
<latexit sha1_base64="okXNDt9IMDocSiROFV7X5LmCRVM=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZKqi7ghsRhAr2Ae1QMpnbNjTzILlTLEPBH+LGhSJu/Sfu/Demj4W2Hgh8nHNDbo6fSKHRcb6t3Mrq2vpGfrOwtb2zu2fvH9R1nCoONR7LWDV9pkGKCGooUEIzUcBCX0LDH1xP8sYQlBZx9ICjBLyQ9SLRFZyhsTq23UZ4xOwuDoCOqetcdeyiU3KmosvgzqFI5qp27K92EPM0hAi5ZFq3XCdBL2MKBZcwLrRTDQnjA9aDlsGIhaC9bLr5mJ4YJ6DdWJkTIZ26v29kLNR6FPpmMmTY14vZxPwva6XYvfQyESUpQsRnD3VTSTGmkxpoIBRwlCMDjCthdqW8zxTjaMoqmBLcxS8vQ71ccs9K5fvzYuX2aVZHnhyRY3JKXHJBKuSGVEmNcDIkz+SVvFmZ9WK9Wx+z0Zw1r/CQ/JH1+QN1qpNP</latexit>
Mode 115
<latexit sha1_base64="+C1yKJdY8xqWf80P1RRyRBvrttQ=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZquiy4EYEoYJ9QDuUTOa2Dc08SO4Uy1Dwh7hxoYhb/4k7/43pY6GtBwIf59yQm+MnUmh0nG8rt7K6tr6R3yxsbe/s7tn7B3Udp4pDjccyVk2faZAighoKlNBMFLDQl9DwB9eTvDEEpUUcPeAoAS9kvUh0BWdorI5ttxEeMbuLA6Bj6roXHbvolJyp6DK4cyiSuaod+6sdxDwNIUIumdYt10nQy5hCwSWMC+1UQ8L4gPWgZTBiIWgvm24+pifGCWg3VuZESKfu7xsZC7Uehb6ZDBn29WI2Mf/LWil2r7xMREmKEPHZQ91UUozppAYaCAUc5cgA40qYXSnvM8U4mrIKpgR38cvLUC+X3LNS+f68WLl9mtWRJ0fkmJwSl1ySCrkhVVIjnAzJM3klb1ZmvVjv1sdsNGfNKzwkf2R9/gBxH5NM</latexit>
Mode 105
<latexit sha1_base64="Ds2w7E6iJxpcMAWB1kmUnlWt1Po=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZquiy4EYEoYJ9QDuUTOa2Dc08SO4Uy1Dwh7hxoYhb/4k7/43pY6GtBwIf59yQm+MnUmh0nG8rt7K6tr6R3yxsbe/s7tn7B3Udp4pDjccyVk2faZAighoKlNBMFLDQl9DwB9eTvDEEpUUcPeAoAS9kvUh0BWdorI5ttxEeMbuLA6Bj6joXHbvolJyp6DK4cyiSuaod+6sdxDwNIUIumdYt10nQy5hCwSWMC+1UQ8L4gPWgZTBiIWgvm24+pifGCWg3VuZESKfu7xsZC7Uehb6ZDBn29WI2Mf/LWil2r7xMREmKEPHZQ91UUozppAYaCAUc5cgA40qYXSnvM8U4mrIKpgR38cvLUC+X3LNS+f68WLl9mtWRJ0fkmJwSl1ySCrkhVVIjnAzJM3klb1ZmvVjv1sdsNGfNKzwkf2R9/gBvmpNL</latexit>
Mode 109
<latexit sha1_base64="okXNDt9IMDocSiROFV7X5LmCRVM=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZKqi7ghsRhAr2Ae1QMpnbNjTzILlTLEPBH+LGhSJu/Sfu/Demj4W2Hgh8nHNDbo6fSKHRcb6t3Mrq2vpGfrOwtb2zu2fvH9R1nCoONR7LWDV9pkGKCGooUEIzUcBCX0LDH1xP8sYQlBZx9ICjBLyQ9SLRFZyhsTq23UZ4xOwuDoCOqetcdeyiU3KmosvgzqFI5qp27K92EPM0hAi5ZFq3XCdBL2MKBZcwLrRTDQnjA9aDlsGIhaC9bLr5mJ4YJ6DdWJkTIZ26v29kLNR6FPpmMmTY14vZxPwva6XYvfQyESUpQsRnD3VTSTGmkxpoIBRwlCMDjCthdqW8zxTjaMoqmBLcxS8vQ71ccs9K5fvzYuX2aVZHnhyRY3JKXHJBKuSGVEmNcDIkz+SVvFmZ9WK9Wx+z0Zw1r/CQ/JH1+QN1qpNP</latexit>
Mode 95
<latexit sha1_base64="FdL+pLWXXLN9DW9fJYbhnrkxu14=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSL4KrMVEXdFdyIIFSwD2iHkklv29DMg+SOWIeC/8ONC0Xc+lPc+W9MHwttPRD4OOeG3Bw/lkKj43xbmaXlldW17HpuY3NrO2/v7NZ0lCgOVR7JSDV8pkGKEKooUEIjVsACX0LdH1yO8/o9KC2i8A6HMXgB64WiKzhDY7XtfAvhAdObqAN0RC9O23bBKToT0UVwZ1AgM1Xa9lerE/EkgBC5ZFo3XSdGL2UKBZcwyrUSDTHjA9aDpsGQBaC9dLL4iB4ap0O7kTInRDpxf99IWaD1MPDNZMCwr+ezsflf1kywe+6lIowThJBPH+omkmJExy3QjlDAUQ4NMK6E2ZXyPlOMo+kqZ0pw57+8CLVS0T0ulm5PCuXrp2kdWbJPDsgRcckZKZMrUiFVwklCnskrebMerRfr3fqYjmasWYV75I+szx8IpJMZ</latexit>
Mode 113
<latexit sha1_base64="525FYbRelgFU8IAsxKgyP/7MBBA=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZVtBlwY0IQgX7gHYomcxtG5p5kNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhN8dPpNDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD6+neXMESos4esBxAl7I+pHoCc7QWF3b7iA8YnYXB0An1HUrXbvolJyZ6Cq4CyiShWpd+6sTxDwNIUIumdZt10nQy5hCwSVMCp1UQ8L4kPWhbTBiIWgvm20+oWfGCWgvVuZESGfu7xsZC7Ueh76ZDBkO9HI2Nf/L2in2rrxMREmKEPH5Q71UUozptAYaCAUc5dgA40qYXSkfMMU4mrIKpgR3+cur0CiX3EqpfH9RrN4+zevIkxNySs6JSy5JldyQGqkTTkbkmbySNyuzXqx362M+mrMWFR6TP7I+fwBuF5NK</latexit>
Mode 111
<latexit sha1_base64="N0857HulUd9+CVtlsKKfvtTa0ls=">AAAB+XicbZBLSwMxFIUzPmt9jbp0EyyCqzJTBV0W3IggVLAPaIeSydxpQzMPkjvFMhT8IW5cKOLWf+LOf2P6WGjrgcDHOTfk5vipFBod59taWV1b39gsbBW3d3b39u2Dw4ZOMsWhzhOZqJbPNEgRQx0FSmilCljkS2j6g+tJ3hyC0iKJH3CUghexXixCwRkaq2vbHYRHzO+SAOiYuq7btUtO2ZmKLoM7hxKZq9a1vzpBwrMIYuSSad12nRS9nCkUXMK42Mk0pIwPWA/aBmMWgfby6eZjemqcgIaJMidGOnV/38hZpPUo8s1kxLCvF7OJ+V/WzjC88nIRpxlCzGcPhZmkmNBJDTQQCjjKkQHGlTC7Ut5ninE0ZRVNCe7il5ehUSm75+XK/UWpevs0q6NAjskJOSMuuSRVckNqpE44GZJn8krerNx6sd6tj9noijWv8Ij8kfX5A2sPk0g=</latexit>
Mode 117
<latexit sha1_base64="B2kMZMyiK0xPIO/zE7sVu0WliiY=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZKtRlwY0IQgX7gHYomcxtG5p5kNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhN8dPpNDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD6+neXMESos4esBxAl7I+pHoCc7QWF3b7iA8YnYXB0An1HUrXbvolJyZ6Cq4CyiShWpd+6sTxDwNIUIumdZt10nQy5hCwSVMCp1UQ8L4kPWhbTBiIWgvm20+oWfGCWgvVuZESGfu7xsZC7Ueh76ZDBkO9HI2Nf/L2in2rrxMREmKEPH5Q71UUozptAYaCAUc5dgA40qYXSkfMMU4mrIKpgR3+cur0CiX3ItS+f6yWL19mteRJyfklJwTl1RIldyQGqkTTkbkmbySNyuzXqx362M+mrMWFR6TP7I+fwB0J5NO</latexit>
Mode 113
<latexit sha1_base64="525FYbRelgFU8IAsxKgyP/7MBBA=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZVtBlwY0IQgX7gHYomcxtG5p5kNwplqHgD3HjQhG3/hN3/hvTx0JbDwQ+zrkhN8dPpNDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ThWHOo9lrFo+0yBFBHUUKKGVKGChL6HpD6+neXMESos4esBxAl7I+pHoCc7QWF3b7iA8YnYXB0An1HUrXbvolJyZ6Cq4CyiShWpd+6sTxDwNIUIumdZt10nQy5hCwSVMCp1UQ8L4kPWhbTBiIWgvm20+oWfGCWgvVuZESGfu7xsZC7Ueh76ZDBkO9HI2Nf/L2in2rrxMREmKEPH5Q71UUozptAYaCAUc5dgA40qYXSkfMMU4mrIKpgR3+cur0CiX3EqpfH9RrN4+zevIkxNySs6JSy5JldyQGqkTTkbkmbySNyuzXqx362M+mrMWFR6TP7I+fwBuF5NK</latexit>
Mode 121
<latexit sha1_base64="ksLnmZYrPC8fntkjFNQR3rnHj/0=">AAAB+XicbZBLSwMxFIUzPmt9jbp0EyyCqzJTBV0W3IggVLAPaIeSydxpQzMPkjvFMhT8IW5cKOLWf+LOf2P6WGjrgcDHOTfk5vipFBod59taWV1b39gsbBW3d3b39u2Dw4ZOMsWhzhOZqJbPNEgRQx0FSmilCljkS2j6g+tJ3hyC0iKJH3CUghexXixCwRkaq2vbHYRHzO+SAOiYuhW3a5ecsjMVXQZ3DiUyV61rf3WChGcRxMgl07rtOil6OVMouIRxsZNpSBkfsB60DcYsAu3l083H9NQ4AQ0TZU6MdOr+vpGzSOtR5JvJiGFfL2YT87+snWF45eUiTjOEmM8eCjNJMaGTGmggFHCUIwOMK2F2pbzPFONoyiqaEtzFLy9Do1J2z8uV+4tS9fZpVkeBHJMTckZcckmq5IbUSJ1wMiTP5JW8Wbn1Yr1bH7PRFWte4RH5I+vzB2yUk0k=</latexit>
FIG. 19: Micro-scale DMD modes.
Temporal evolution of micro-scale DMD modes: linkage to energy dissipation
From a physical standpoint, micro-scale DMD modes do not necessarily represent any spe-
cific flow patterns regarding the surrounding flow motions. In7, it was pointed that the least
energetic modes may contain information on the interaction between different mechanisms
instead of actually representing one of them. Note this conclusion was drawn based on the
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POD, which does not account for the temporal information. In Fig. 20, we summarize the
temporal evolution of the selected micro-scale DMD modes. It can be clearly seen that all
the selected micro-scale DMD modes exhibit decay form. In particular, the amplitude of
some modes decays exponentially, for instance, mode 111 of the windward and rightside
face. This suggests a reflection of the turbulent energy cascade process where large eddies
generated by the mean flow cascades down to small eddies, and the kinetic energy carried
by small eddies ultimately dissipated to heat in the pressure field45,46.
D. Rightside scenario
<latexit sha1_base64="NJOF7f00oL7voeQFrAUOpbTPFE4=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GwCndR0DKghXZRzAckIextJsmSvb1jd04MRxob/4qNhSK2/gc7/42b5ApNfDDweG+GmXl+JIVB1/12FhaXlldWM2vZ9Y3Nre3czm7VhLHmUOGhDHXdZwakUFBBgRLqkQYW+BJq/uBi7NfuQRsRqjscRtAKWE+JruAMrdTOHTQRHjC5LNBb0eujER2ghoNiWoSjdi7vFtwJ6DzxUpInKcrt3FezE/I4AIVcMmManhthK2EaBZcwyjZjAxHjA9aDhqWKBWBayeSLET2ySod2Q21LIZ2ovycSFhgzDHzbGTDsm1lvLP7nNWLsnrcSoaIYQfHpom4sKYZ0HAntCA0c5dASxrWwt1LeZ5pxtMFlbQje7MvzpFoseCeF4s1pvnSdxpEh++SQHBOPnJESuSJlUiGcPJJn8krenCfnxXl3PqatC046s0f+wPn8AXDkmJA=</latexit>
A. Windward scenario
<latexit sha1_base64="YGMUxHAp0e1IFqH0hnabDXjnsKQ=">AAACBHicbVA9SwNBEN3zM8avqGWaxSBYhbsoaBmx0S6C+YAkhL29SbJkb+/YnVPDkcLGv2JjoYitP8LOf+Pmo9DEBwOP92aYmefHUhh03W9naXlldW09s5Hd3Nre2c3t7ddMlGgOVR7JSDd8ZkAKBVUUKKERa2ChL6HuDy7Hfv0OtBGRusVhDO2Q9ZToCs7QSp1cvoXwgOlFkdaFCu6ZDqjhoJgW0aiTK7hFdwK6SLwZKZAZKp3cVyuIeBKCQi6ZMU3PjbGdMo2CSxhlW4mBmPEB60HTUsVCMO108sSIHlkloN1I21JIJ+rviZSFxgxD33aGDPtm3huL/3nNBLvn7VSoOEFQfLqom0iKER0nQgOhgaMcWsK4FvZWyvtMM442t6wNwZt/eZHUSkXvpFi6OS2Ur2dxZEieHJJj4pEzUiZXpEKqhJNH8kxeyZvz5Lw4787HtHXJmc0ckD9wPn8ApqSYIA==</latexit>
B. Leftside scenario<latexit sha1_base64="RTyzB/6jgpImXrPiJt9AJt36jLo=">AAACBHicbVA9SwNBEN3zM8avqGWaxSBYhbsoaBm0UbCIYD4gCWFvM5cs2ds7dufEcKSw8a/YWChi64+w89+4+Sg08cHA470ZZub5sRQGXffbWVpeWV1bz2xkN7e2d3Zze/s1EyWaQ5VHMtINnxmQQkEVBUpoxBpY6Euo+4PLsV+/B21EpO5wGEM7ZD0lAsEZWqmTy7cQHjC9KNIbCNCILlDDQTEtolEnV3CL7gR0kXgzUiAzVDq5r1Y34kkICrlkxjQ9N8Z2yjQKLmGUbSUGYsYHrAdNSxULwbTTyRMjemSVLg0ibUshnai/J1IWGjMMfdsZMuybeW8s/uc1EwzO26lQcYKg+HRRkEiKER0nQrtCA0c5tIRxLeytlPeZZhxtblkbgjf/8iKplYreSbF0e1ooX8/iyJA8OSTHxCNnpEyuSIVUCSeP5Jm8kjfnyXlx3p2PaeuSM5s5IH/gfP4AjwWYEQ==</latexit>
C. Leeward scenario
<latexit sha1_base64="sMA2wGgLBjGtRUKA7/Dm1BJxgyc=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCp7AbBT0GclHwEME8IAlhdtJJhszOLjO9algCXvwVLx4U8epPePNvnDwOmljQUFR1093lR1IYdN1vJ7W0vLK6ll7PbGxube9kd/eqJow1hwoPZajrPjMghYIKCpRQjzSwwJdQ8welsV+7A21EqG5xGEErYD0luoIztFI7e9BEeMCklKfXAPdMd6jhoJgW4aidzbl5dwK6SLwZyZEZyu3sV7MT8jgAhVwyYxqeG2ErYRoFlzDKNGMDEeMD1oOGpYoFYFrJ5IcRPbZKh3ZDbUshnai/JxIWGDMMfNsZMOybeW8s/uc1YuxetBKhohhB8emibiwphnQcCO0IDRzl0BLGtbC3Ut5nmnG0sWVsCN78y4ukWsh7p/nCzVmueDWLI00OyRE5IR45J0VyScqkQjh5JM/klbw5T86L8+58TFtTzmxmn/yB8/kDvWOXnA==</latexit>
Mode 101
<latexit sha1_base64="rYeHwoUE97FsAaDRKMq1PwDq6o0=">AAAB+XicbZBLSwMxFIUzPmt9jbp0EyyCqzJTBV0W3IggVLAPaIeSydxpQzMPkjvFMhT8IW5cKOLWf+LOf2P6WGjrgcDHOTfk5vipFBod59taWV1b39gsbBW3d3b39u2Dw4ZOMsWhzhOZqJbPNEgRQx0FSmilCljkS2j6g+tJ3hyC0iKJH3CUghexXixCwRkaq2vbHYRHzO+SAOiYuo7btUtO2ZmKLoM7hxKZq9a1vzpBwrMIYuSSad12nRS9nCkUXMK42Mk0pIwPWA/aBmMWgfby6eZjemqcgIaJMidGOnV/38hZpPUo8s1kxLCvF7OJ+V/WzjC88nIRpxlCzGcPhZmkmNBJDTQQCjjKkQHGlTC7Ut5ninE0ZRVNCe7il5ehUSm75+XK/UWpevs0q6NAjskJOSMuuSRVckNqpE44GZJn8krerNx6sd6tj9noijWv8Ij8kfX5A2mKk0c=</latexit>
Mode 105
<latexit sha1_base64="Ds2w7E6iJxpcMAWB1kmUnlWt1Po=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJWZquiy4EYEoYJ9QDuUTOa2Dc08SO4Uy1Dwh7hxoYhb/4k7/43pY6GtBwIf59yQm+MnUmh0nG8rt7K6tr6R3yxsbe/s7tn7B3Udp4pDjccyVk2faZAighoKlNBMFLDQl9DwB9eTvDEEpUUcPeAoAS9kvUh0BWdorI5ttxEeMbuLA6Bj6joXHbvolJyp6DK4cyiSuaod+6sdxDwNIUIumdYt10nQy5hCwSWMC+1UQ8L4gPWgZTBiIWgvm24+pifGCWg3VuZESKfu7xsZC7Uehb6ZDBn29WI2Mf/LWil2r7xMREmKEPHZQ91UUozppAYaCAUc5cgA40qYXSnvM8U4mrIKpgR38cvLUC+X3LNS+f68WLl9mtWRJ0fkmJwSl1ySCrkhVVIjnAzJM3klb1ZmvVjv1sdsNGfNKzwkf2R9/gBvmpNL</latexit>
Mode 105
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FIG. 20: Dynamical evolution of selected micro-scale DMD modes.
Stripe pattern: linkage to instantaneous pressure increment In the micro-scale
DMD modes results, there is a specific pattern that is detected on all surfaces of the prism.
We have summarized the resolved DMD on the right side of Fig. 21. For this type of
spatial distribution, the surface is divided into a few bands where values of two adjacent
bands come from different ranges, resembling the stripe pattern observed in nature. To
understand the role of the stripe pattern in the pressure fields, the left side of figure 1 gives
pressure distributions at two consecutive instances t1 and t2 and the instantaneous pressure
increment between p(t1) and p(t2). It can be observed that the stripe pattern detected in the
micro-scale DMD modes is closely related to the pressure increment between instantaneous
spatial pressure distribution.
Temporal evolution of the stripe pattern: linkage to the beating phenomenon
Eddies of different sizes have their corresponding locations in a frequency spectrum. In
Fig. 21, sizes of the stripe patterns are structurally similar, indicating the size of the sur-
rounding eddies are very close. Consequently, the natural frequencies of these turbulent fluid
motions interacting with the prism are close. These factors naturally fulfill the precondition
of the beating phenomenon, which in principle is a constructive interference pattern between
two signal having almost identical frequencies48. The decomposition results describing the
dynamical evolution of each stripe pattern mode are given in Fig. 22. The identified DMD
modes oscillate up and down and the amplitudes exhibit a decaying pattern in a general
sense. This is due to the fact that small eddies are gradually damped out by viscosity36,46.
Moreover, the beat phenomenon that are highlighted by the red dots only happens in the
high-frequency region (See Fig. 23). An intuitive explanation is based on the definition of
the beating phenomenon, which not only requires the existence of two fluid motions shar-
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(b.3) pressure increment from t1 to t2
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(d.3) pressure increment from t1 to t2
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FIG. 21: Illustration of the connection between micro-scale DMD modes and
instantaneous increment of wind pressures.
ing very close frequencies but also expects these two eddies are closely located in space.
However, lower frequencies are associated with larger fluid motions that are energetically
D. Rightside scenario
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FIG. 22: Dynamical evolution of selected micro-scale DMD modes.
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unstable37. This precludes the existence of the beating phenomenon in the low-frequency
region.
(a) Windward scenario (b) Leftside scenario (c) Leeward scenario (d) Rightside scenario
FIG. 23: Spectra properties of DMD results. The red dots denote the beating phenomenon.
Description in discrete Fourier domain It is noted that DMD provides identical
results to the temporal discrete Fourier transform (DFT) if the input data is linearly in-
dependent and zero centered26. Despite the fact that our aerodynamic pressure data is
highly nonlinear and the mean subtraction is not carried out, DMD spectrum can recover
dynamics of the aerodynamic pressure data from the frequency perspective. We plot the
mode amplitude as a function of frequency, which can be computed from the imaginary
part of the DMD eigenvalues. Such spectrum captures the magnitude and phase of pressure
dynamics through a linear combination of eigenvectors, where every eigenvector grows or
decays at a specified frequency according to its associated eigenvalue. For comparison, we
further compute the amplitude of oscillations at a wide range of frequencies by means of
the Fourier transform, where the temporal DFT model is essentially a superposition of a
series of harmonic oscillators. Fig. 24 shows that the DMD spectrum closely resembles the
FFT spectrum. The proposed augmented DMD algorithm accurately captures the leading
amplitudes of the power spectrum computed by the FFT. Moreover, it should be noted that
the FFT spectrum is computed independently using the collected time series data recorded
via each pressure tap. On the contrary, every single point in the DMD spectrum denotes a
certain coherent structure covering 125 pressure taps over each surface.
(a.1) Windward: FFT spectrum (a.2) Leftside: FFT spectrum (a.3) Leeward: FFT spectrum (a.4) Rightside: FFT spectrum
(b.1) Windward: DMD spectrum (b.2) Leftside: DMD spectrum (b.3) Leeward: DMD spectrum (b.4) Rightside: DMD spectrum
FIG. 24: DFT and DMD spectrum. In the DFT spectrum representations, the gray band
represent the discrete Fourier transform (DFT) results of 125 time-ordered sequences and
the red line denotes their mean.
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V. CONCLUDING REMARKS
In this paper, an operator-theoretic method is introduced to a dynamical system analysis
involving transient mapping of pressure fluctuations around a prism surface immersed in
a turbulent boundary layer. Compared to the state-space method, the operator-theoretic
modeling characterizes the evolution mechanism via an infinite-dimensional linear operator,
i.e. nonlinear dynamics is linearized in the entire basin without sacrificing computational
accuracy. This is accomplished by the spectral analysis of the Koopman operator, which lifts
a dynamical system from phase space to Hilbert function space. In particular, the dynamic
mode decomposition (DMD) is used to obtain the Koopman eigen-tuple. The proposed
system decomposition scheme has been demonstrated using random aerodynamic pressure
fields over the surface of a scaled model of a finite height prism. To improve the algorithm’s
performance, Takens’s embedding theorem is incorporated into the learning scheme, thus
reinforcing the dynamical mechanisms buried in data with a noisy background.
A comparative study between classical POD and proposed augmented DMD is carried
out using a high-dimensional random pressure field, which is continually evolving in time
through a differential operator. The POD is limited to producing a set of hierarchically
structured eigenmodes in terms of the time-averaged spatial tensor, and each mode is ran-
domly evolving in time. On the contrary, the DMD representation is spatiotemporally
orthogonal where each identified coherent structure is assigned to a specific frequency and
a corresponding temporal growth/decay.
The proposed operator-theoretic method provides insights to the fluid structure interac-
tions governed by the evolution operator in addition to an accurate aerodynamic charac-
terization. Specifically, it demonstrated a physical resemblance of the structure of pressure
fluctuations to the eddy structure in approach flow turbulence. Macro-scale coherent struc-
tures in the pressure field break up and lead to the energy cascade similar to the turbulence
cascade. And micro-scale structures are closely related to the instantaneous pressure incre-
ments.
Future directions regarding applying the Koopman operator to learn similar nonlinear
dynamical systems include: (1) Extension of the current work to the extreme learning
condition where available data is merely a sequence of a scalar, and (2) Moving from the
current Laplacian determinism to learning the intrinsic orderliness governing chaotic system.
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A: Appendix
This appendix provides a quick summary of the proper orthogonal decomposition (POD)
method that analyzes chaotic data from a conventional variance optimization perspective.
Then, the POD results are compared with those obtained via the proposed augmented
dynamic mode decomposition method, illustrating the unique characteristics of each method
(See Section IV for a detailed comparison study).
To begin with, let Cp denote the spatial-temporal pressure coefficient data obtained
from a synchronous measurement system in wind tunnel. Under finite energy assump-
tion
∫
ΩT
∫
Ωx
|Cp|2dxdt < ∞, Cp (x, t) belongs to the Hilbert space H = L2 (ΩT × Ωx) of
Lebesque measurable. Because the tensor space is dense in L2 (ΩT × Ωx), Cp takes a tensor
product form:
Cp (x, t) = A (ΩT )⊗Φ (Ωx) (A1)
where A (ΩT ) .= L2 (ΩT ), Φ (Ωx) .= L2 (Ωx), Ωx represents the spatial domain. As a
result, the spatiotemporal representation of Cp (x, t) is explicitly converted to a bilinear
composition form, with the first vector space A producing the time-dependent coefficients
and the second vector space Φ giving spatial modes. Mathematically speaking, the preced-
ing equation can be equivalently expressed as a linear superposition using a complete set of
basis functions according to the Schmidt decomposition theorem:
Cp (x, t) =
N∑
j=1
aj (t)φj (x) (A2)
Unfortunately, N is a considerably large number or infinity in most cases. The essence
of POD is to seek an orthogonal projector υ (x, t) that minimizes the approximation error:
J (υ) = ||Cp (x, t)− υ (x, t) ||nF (A3)
with || · ||nF denoting the Frobenius norm. In the context of POD, nF = 2, which
guarantees the kinetic energy interpretation of its optimized modes φj , j = 1, 2, . . . , N , and
the projector υ (x, t) can be directly constructed through utilizing a finite set of orthogonal
basis functions (M  N) following the principles stated in Eq. (A2):
Cp (x, t) ≈ υ (x, t) =
M∑
j=1
aj (t)φj (x) (A4)
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Then, the optimal basis functions can be obtained by maximzing the average projection
of Cp (x, t) onto Φ:
arg max
< Cp,Φ (x) >Ωx
< Φ (x) ,Φ (x) >Ωx
(A5)
By applying the calculus of variations, the optimization problem stated in Eq. (A5) is
transformed to a Fredholm eigenvalue setting, where the optimal POD basis is exactly the
eigenfunctions in the following integral equation:
∫
Ωx
R
(
x,x
′)
φj
(
x
′)
dx
′
= λjφj (x) (A6)
where R
(
x,x
′
)
is the symmetric spatial correlation tensor that is computed by taking
the inner product of the pressure data in Ωx:
R
(
x,x
′)
=< υ (x, t)⊗ υ
(
x
′
, t
)
>Ωx (A7)
Two important properties associated with Eq. (A6) should be observed. First, Hilbert-
Schmidt theory assures the eigenvalue problem has an infinitely countable pair of eigenfunc-
tions and eigenvalues {φj , λj}, out of which there exists a sequence of positive eigenvalues
λ1 > λ2 > · · · > 0. POD modes are ranked according to the eigenvalues of R
(
x,x
′
)
φj
(
x
′
)
by a descending order. Second, eigenfunctions are orthogonal
∫
Ωx
φi (x)φj (x) dx = δij ,
implying the POD algorithm seeks the least number of modes for capturing Cp (x, t).
